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1 Introduction

Lecturer: 283 #d%
Time: 2024 Fall, R304.

1.1 What is Density Functional Theory?

Wikipedia: "Density functional theory (DFT) is a computational quantum mechanical
modelling method used in physics, chemistry and materials science to investigate the electronic
structure (or nuclear structure) (principally the ground state) of many-body systems, in partic-
ular atoms, molecules, and the condensed phases.”

Density functional theory (DFT) was developed by Walter Kohn, (1998 Nobel Prize in
Chemistry laureate), and Pierre Hohenberg to study the ground-state (GS) properties of large
systems using first principle methods. DFT can be used to study electronic systems, including
atoms, molecules, and solids...

In order to solve the system for the electronic wavefunction ¥,, we keep (R, Z;) fixed
and solve for the time-independent Schrédinger equation (TISE) of the system. Then we can
find the energy of the system by computing

E= (¥,

H|D,). (1)

The methodologies described in this lecture note will focus on using various computational
methods to achieve this incredible goal.

1.2 Notation

For future reference, this note will adhere to the following notation conventions.

e The units in use are either SI international units or atomic units , which one of
them is in use will be obvious from context and dimensionality. Note: it is usually for the
sake of taking notes faster that I resort to atomic units, otherwise I think it is of great
pedagogical value to keep the dimensional constants.

o An iterated integral or volume integral over a domain € is denoted

/er(...) or /Qd3T<m>’

but never with a power and boldface font at the same time:

4d3r(---).

 Operators may or may not be notated with a hat symbol, and may be written in calli-
graphic font, so H, H, and H represent equally well the Hamiltonian operator.


https://en.wikipedia.org/wiki/Density_functional_theory
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2 Born-Oppenheimer Approximation

2.1 Formulation of Problem

Consider the following electronic system of M nuclei of atomic number Z; and N electrons.
The positions of the k-th nuclei is denoted R;. Our system is then described by the (position
- atomic no.) tuples (R, Z,), k=1,2,..., M.

2.2 The Approximation

The Born-Oppenheimer approximation allows the separate treatment of nuclear and
electronic parts of the time-independent Schrodinger equation. Recall the fact that a
proton is approximately 1836 times heavier than an electron, and the j-th nucleus is made of
Z; protons and neutrons in total, making it approximately

18407 ~ 10°

times heavier than the electrons. This means the nucleus moves slowly compared to the electron,
so we have the Born-Oppenheimer approximation :

1. The velocities of the particles (as seen quantum mechanically) satisfy
velocity (nucleus) < velocity(electron), (2)
where we can safely assume the electrons respond "instantaneously” to nuclei movement.

2. The neclear positions {R.}, k =1,2,..., M are fixed.

We can separete the total Hamiltonian H into its electronic and nuclear parts:

~

H=H,+V,.,

where

R . . R N h2 ) N 62 N N 1
H =T — S v A L
TV 4O Z( val)+§;v<rl>+(4WEO)ZZ|r__r )

Y 4
= () 2k g
=1 g<z '™t J
is the nuclear Hamiltonian.
2.3 Method Overview
Let the electronic wavefunction ¥, ,, be defined as ¥,, (zy, ...,z y), where z; = (r),0},) is

the (spatial + spin) coordinate of each electron. Similarly we can define the nucleaer wavefunc-
tion ®,, = ®,, (X, ..., X ), where X; = (R, %;). The TISE reads
'ﬁeqj’l’b - E’I’qu'nﬂ Vnucq)n - EHUCQTI' (5)

The total energy is simply their sum, by the B-O approximation:
Et = En + E = Un? (6)

otal nuc

with
Ey(GS energy) < By < Ey < By < -,

4
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Remark. The goal of DFT is to find the ground state (GS) energy.

We solve the above TISE for a fixed initial {R(ll), R(Ql), ,Rg&}}, giving the total energy
of the configuration Ufll) = 7(11) (R(ll), ,Rg\?). Here we postpone the detailed methodology

for solving the equation to later sections. Following this computation, the next natural step
to take is to vary {R,} and repeat the computation, and for each iteration we get a potential

Uff), giving us after many iterations a potential energy surface (PES)

Un - U’I’l (R‘l? 7RM) .

Remark. Shouldn’t this be simply called the energy surface instead, since it includes the
kinetic energy contribution?

3 Variational Methods

3.1 Functionals and Their Derivatives

In physics, we are often confronted with optimisation problems with complex functional
dependencies. A famous example would be extremising the action with respect to position in
the Lagrangian formalism of physics:

5S4 .
sr(t)  or [/ dr L(t,r(t), #(2)) | = 0.

But before going on any further, we shall put the concept of a "functional derivative”
on a firm mathematical footing. To define rigorously what a functional derivative is, first we
introduce the idea of a functional differential, or first variation.

Definition 3.1 (Functional differential). The functional differential can be defined in various
ways. Here we introduce two of the most common definitions:

1. As a Frechet derivative: Let F' be a functional defined on a Banach space B. The
differential of F' at a point p € B is the linear functional 0F[p;-] on B satisfying the
condition

Flp+6p] — Flp] = 6F[p; 6p] + n|dp|,
where |-| is the norm associated with B, n € R, and n — 0 as ||0p| — 0.
Remark. A Banach space is a complete normed vector space.

2. As a Gateaux derivative: Let F' be a functional defined on a vector space. The functional
differential of F at point p with respect to variation dp is defined as

5F[p:5p] = lim L2 = Flpl _ [iF[p + nép]]

n—0 n dT] n=0

Remark. The definition of functional differential as a Frechet derivative on a Banach space
is so strong that sometimes it does not exist at all. This is a problem, because we need the
functional differential in order to proceed with a sensible definition of functional derivatives,
which is widely used in physics. The Gateaux derivative definition is a lot weaker, and used
for practical applications.
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Definition 3.2 (Functional derivative). For a functional F' defined on a space of differentiable
functions over some space §2, a function p € (), and some scalar n, there exists some function

L
00" = 5o

such that

. Flp+mndp] — Flp] 3
71713(1) p = [zd r D(r)dp(r).

We call §F /dp(r) the functional derivative or first variation of F' at p.

Now that we have a definition of a functional derivative, we can apply it to a common
class of functionals that often appear in physics: "action-like” functionals (I have not heard of
similar terms for this integral, so I'll go with what name I came up with).

Example 3.1 (Lagrangian formalism). Recall that in the Lagrangian formalism, we can write
the Lagrangian L of a system as a functional of position r(t), velocity T(¢), and the independent
variable time ¢, i.e. L = L(r,T,t).

The action is defined as the following integral on some time interval [t,t,]:

S =S8[r(t)] = / i dr L(r, 1, t).

1

Hamilton’s principle tells us that the first variation of action vanishes on the true path of
evolution of the system. So

58S
or(t)

In a moment we will see that solving this functional equation is equivalent to solving the
well-known Fuler-Lagrange equation:

oL d OL

or(t) dtor(t)

Theorem 3.1 (Euler-Lagrange equation). Consider an “action-like” functional F of some
function p, given by

ﬂmszfmmmvmm.

Then the first variation of F' at p is

SF  of o ( of
5p(r) ~ ap(r) V'Qmmﬁ'

6
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Proof. Use the definition of %—I; as a Gateaux derivative:

/dr oF op(r) = d% U dr f (r,p+np,Vp + UV5,0)]

dp(r) n=0

B 0 Jp 0 8Vp> }
= [/dr (877 o + 5o o, o f(x,p+ndp,Vp+nV(dp))

n=0
_ [of of
—/dr o+ 5oV )]
[ TOf (o Of of ]
_/dr-05 (V av>5'0+v <3v5>
_ [0f of
_/dr_ap v (av )]M)
Then
oF 6f V. < af )
Sp  Op oVp
by the fundamental lemma of calculus of variation . O

Remark. For an action-like functional of higher-order derivatives, the generalisation is the
Euler-Poisson equation . Let

Flpl = [ de £ (x,p(x), 9p(0), . Vp(r)).

Q
where r €  C R", and
) L
\V& =
[ ]alaz"'azv Org, Org, - 0r

ay

is a rank 7 tensor. Then

0F _0f  ~~op of
ORI (av@p(r)) |

i=1

3.2 Rayleigh-Ritz Variational Principle

Consider the trial function ®, and define the corresponding energy E[®] = <<I> ‘ H | (I>>.
This trial function has to satisfy

1. Normalisation: (® | ®).

2. Antisymmetrisation: ®(...x,,...,x

i) =—@ (...xj, ey Ty e )

The object E[®]: ® <<I> ‘ H | q)> is a functional from the Hilbert space # to R.

3.3 Short Introduction to Quantum Monte Carlo Methods

From Wikipedia: "Quantum Monte Carlo encompasses a large family of computational
methods whose common aim is the study of complex quantum systems. One of the major
goals of these approaches is to provide a reliable solution (or an accurate approximation) of the
quantum many-body problem.”


https://en.wikipedia.org/wiki/Quantum_Monte_Carlo
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4 Hartree-Fock Method

Remark. This method is one of many iterative schemes called self-consistent field methods
(SCF) .
4.1 Single-Particle Wavefunction

Definition 4.1. (Non-interacting Hamiltonian)

1. Single-particle wavefunctions ¢, are solutions to the TISE

Bﬁbi = €0, (7)

where BZ =T+ ‘Afl is the i-th Hamiltonian without interaction. We call ¢, the orbital
wavefunctions.

2. The non-interacting Hamiltonian HY s then simply

To clarify, the TISE becomes

. A -
h(x)¢;(x) = €;¢;(x) = {<_%) V2 + V(I')} ¢;(x) = £,0;(x),
we can drop the subscript for x and r because the Hamiltonian is the same when seen from
different electrons when there are no interaction.
The non-interacting Hamiltonian is the result of letting U — 0, so H — lfIHF

Now the total TISE is

AN (o xy) = BNOY (x, o, xy), X = (17,0).
A natural choice to construct ®N!(x,, ..., x,) from the orbitals is
O (Xy, s Xpy) = 01(X1)ha(Xz) -+ D (X ), (9)

but sadly this does not satisfy Pauli’s well-known antisymmetrisation property for fermions.
So we shall resort to the Slater determinant construction:

¢1(z1)  P1(x9) - Hy(zyN)
1 Pa(z1)  Po(xy) - Bolzy)

on(z1) dn(T2) - On(TN)
det (¢q, Ogy ..., PN ) -

1
VNI

The energy is simply
ENI _ <(I)NI ‘ AN ‘ (I)NI> '

8
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4.2 Hartree’s Equation

Although we just debunked the ansatz equ. (9) as not physical, it still helps to use it as
an initial value for simple calculations. This is where Hartree’s equation comes from. We write
the Hartree product of orbitals as

CI)SI(XD e X)) = 01(Xq) o (Xa) - DN (X)),

and define the inner product as
<¢¢ ‘ ¢j> = / d$k¢i(xk)*¢j<xk>
= Z/dsrk¢i<rk) * §j(Xy)-
Ok
Then
(0:] ;) = 0y
By explicit calculation as detailed below, we have the first significant result of Hartree’s theory:

Bt = (ot | o] o) = Z< 13+ 33 Gl (1)

=1 j<1

where ?L,L is the i-th single particle Hamiltonian. In the above equation, we introduce the
following abbreviations for some terms that shall show up frequently in our analysis:

Definition 4.2 (Orbital brakets). Given the finite set of (approzimate) orbitals {¢;} for an
N -electron system, we define

1. The braket with respect to orbitals:
([ #]4) = (o

2. The inner-product like four-component braket:

i) (12)

it} = [z, [ 6,600,600 () dutxnte)
=Yy Jaon [ oo (ot ) outrom)

(13)

Exercise 4.1 (Hartree energy functional). Derive equation (11) by explictly computing the
inner product.

By varying with respect to the orbitals ¢} (x;), under the constraint that orbitals be
orthonormal, we can derive the Hartree equation

[ +k /dgx’gb (\r \) ¢;(x />] ¢ (%) = ex05(x). (14)

The summation in the square brackets will be defined as the Coulomb operator in the next
section, where we will talk about the Hartree-Fock method.

Exercise 4.2 (Hartree energy). Derive equation (14) by variational methods. Hint: notice
that orbitals must be orthonormalised, then vary equation (11) with respect to some orbital.

9
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4.3 Slater-Condon Rules

Before dealing with the Hartree-Fock equation itself, we need to acquire a more thorough
understanding of the Hartree-Fock wavefunction, and develop the necessary tools to analyse
various operations on it. To do this, we need to first discuss the Slater determinant .

The Slater determinant is a natural way to construct fermionic wavefunctions that obey
antisymmetry with respect to particle interchange. Not every wavefunction can be written as
a Slater determinant, in fact, only a small subset of them can be written as a single Slater
determinant, but those form an important and useful subset because of their simplicity.

4.4 Hartree-Fock Hamiltonian

Given a set of N initial orbital wavefunctions (¢q, ¢o, ..., @), We can construct the initial
total (electronic) wavefunction, which we call @1 using a Slater determinant :

¢1(z1)  P1(my) - Pi(wN)

1 Go(x1)  Po(m3) - Pa(zy)
VAL SRS : (15)

On(Tq) On(Ta) - dn(TN)

! det <¢17¢27"'7¢N>'

VN

This formulation means that ®1F trivially satisfies Pauli’s antisymmetry principle.

Remark (Slater determinant for a symmetric system). Following the example above, a symmet-
ric system (i.e. a bosonic system) should be described by a permanent , that is:

¢1(z1)  P1(x) - P1(aN)
Pa(T1)  Powy) - PolTy)

(I)boson ;

perm

1
VNI

On(zy) On(ma) - dn(TN)

However, this is not it, as the permanent wavefunction is not normalised. To normalise
the function, consider the counting variable n,, that counts the number of particles in state
?y 1 <m < N. Then we can write the normalised bosonic wavefunction

¢1(z1)  P1(xy) - P1(xN)

(I)boson — HanJ—\;'nm' perm ¢2<l’1) ¢2(aj2) ¢2(1"N> ' (16)

On(T1) On(z2) - On(TN)

10
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Such an object can be more compactly represented as an antysymmetriser (for fermionic
systems) or a symmetriser (for bosonic systems).

Continuing with the Hartree-Fock method, we note that the orbital wavefunctions should
be orthonormal, i.e.

(5] 05) = 0y

By expanding the inner products with respect to the determinant, we derive the Hartree-Fock
energy

EW = BlofF] = (o1F| f | 2HF)
:ZNX |h]7) + %ii{wm [i417]} - 1
i=1 i=1 itj
Furthermore, by variational methods we have the Hartree-Fock equation
F(x)dy = [hr) + (%) + K(x)] d4(x) = ex64(x) (18)

for single-electron orbitals. Here we have defined the Coulomb and exchange operators as

follows:
/mw ( O@M% (19)

zi@ /M@M%F%ﬂww> (20)

In the HF scheme, the following approximations are assumed:
« Born-Oppenheimer approximation.

e Non-relativistic momentum operator is used in the Hartree-Fock Hamiltonian, that is, all
relativistic effects are ignored.

o Energy eigenfunction is assumed to be describable by a single Slater determinant con-
structed from the orbitals. This is in general not true.

o Mean-field approximation. The effects of any deviation from this is collectively defined
to be the electron correlation, where

electron correlation = Coulomb correlation + Fermi (exchange) correlation.

The Hartree-Fock method only accounts for the exchange-correlation (XC) term.

Remark. Precisely because of the mean-field approximation, the Hartree-Fock method does not
predict any nonlocal interaction such as the London dispersion force.

Now we will give a derivation of equations (17) and (18), and in the process flesh out
details of the proof of two of the aforementioned Slater-Condon Rules. The following proof is
taken from my solution to Problem 1 of Homework 1 of the course.

11
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Proof. Assume the Hartree-Fock energy eigenfunction is of the form

¢1(z1)  P1(m3) - Pi(wy)

L Go(1)  Po(m3) - Pa(zy)
VAL SRS : (21)

(I)HF _

On(T1) On(Ta) -+ dn(TN)
det(¢1:¢27"'7¢N>'

1
VNI

For simplicity we call it ® from now on. We give another expression of the determinant,
in terms of permutations:

N
det A = Z sgn(o) H Qi o (i) (22)
oESN i=1

where A is an N x N matrix, with a,; denoting the ij-th entry, and o : {1,... , N} <> {1,..., N'}
is a permutation, which is bijective.

(I) Energy expression: Recall that the Hartree-Fock Hamiltonian is

N’h N N 1 1 N
(She TS ) (g T Hevnt)

We will discuss the braket of one- and two-electron operators separately. Notation: o,
with subscripts denotes spin coordinate, while o without subscripts denotes elements of the
symmetric group Sy

1. The expectation value of the one-electron operator iLk does not distinguish between elec-

12
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trons, so we can pick a representative (say 1) to do the calculation:

~ e & [ [ane Y sento)sauio
N N 17"'; N o

X HH¢Z(i)h1<X1>¢a/(g) (x;) (25)
t 1 i . -
T (N—1) UlZUN/dST "'/dSTN ;H¢U(z)<xz)h1(r1>¢a(z)<xz)
L Y [ Y eihax)

(N—l)' - 1k:1 K\ 1 1/%k\>1

N N
=35 [t oitahtra) = > (1[5

k=1 o, =1

T: {¢,} is orthonormal, so the integrals over 4 to 7 multiply to zero unless the electrons
occupy the same orbital in the two products, i.e. for each o () in the first product, we have
o’'(j) = o(i) in the second. By the bijectivity of o : {1,...,N} <> {1,..., N}, we know

that o(1) = ¢’(1). jis just a dummy variable, so we rename it to be ¢,/ (;)(X;) = @y ;) (X;)-

I: Electron 1 occupies each orbital exactly (N — 1)! times, since fixing 1, the remaining
N —1 electrons can be permuted in (N — 1)! ways, the integral of each of which multiply
to 1.

2. The determinant does not differentiate between different electrons, so we can use 1 and
2 as the representative. We use the shorthand O for the two-electron term to get
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Then

- N(N -1 1 N
(®|0|2) = <T)/dx1.../dm]v (Wngn(U)Hgbz(i)(xl))

1 1 N )
X <|r1—r2|> (m;sgn(a)[[l%,(j)(xl))

il (N(N—1 ) N Z /d% /d TN 2 (ﬁ¢;<i)(xi>¢a<i><xi))
X (07 1) (%1072 (%2)) (#)

r; — 1y

X [¢o(1)(x1>¢a(2)(xz) + <_1>¢o‘(1)<x2>¢o‘(2)(xl>}

N N
_2, > /d3r1/d3r2 N —2)! {legb (x1) 7 (o)

01,02

(27)

r] — 1y

. (;) (a1 ) () — ¢k<x2>¢>l<xl>]} .

T: Again, electrons 3 to N must occupy the same orbital in the o and ¢’ permutations
for the integral to not vanish. So o(i) = o’(j) for 3 < 4,5 < N, sgn(o)sgn(c’) = 1.
Electrons 1 and 2 may be in the same orbital or related by an exchange of coordinates.

I: Each orbital combination of electrons 1 and 2 (interchanged and not interchanged)
occurs (N —2)! times, because there are (N —2)! ways to permute the remaining electrons,
such that the product gives 1.

Continuing with the simplication, we get

(o10]o) =3 3= 3 { [on [ensimnin (o) et

0'10'2 11=1

_/d3r1/d37’2 ¢Z(X1>¢l(xl) <ﬁ> @b?(xz)%(xz)} (25)

il %ZZ{ (4] 5] — [ij]73]} -

=1 j=1

T: The ¢ = j term cancels out in the sum, so for symmetry reasons we include this zero
term.

Combining the result of equs. (25) and (28), we have the Hartree-Fock energy functional:

N N

Bl =32 G| +5 D kil gl (29)

(IT) Variation: We have to minimise the energy function E[¢,(x;)] (again using 1 as a
representative) subject to the constraint that the orbitals are orthonormal:

E[¢z<xk>]:5{<@HF\ﬁ!@HF> [ZZM (0ile;) )H==0, (30)

=1 7

14



Density Functional Theory Jonathan Huang 3% 48 3

where
(6:]6;) = / A (%)5(x). (31)

We can choose a basis in which the Lagrange multiplier A;; is diagonal, i.e. A;; = ¢€;0,;. Then
the constraint term becomes N
2
> [y fouel 3

Recall the fact that 5
D004 (s —x,), (33)

since

Pr(x;) = /dfﬁj ¢k(xj>5(x7; _Xj)' (34)

=N e, [ day 6,(x0)0(x, — %00, (36)
N
= )y + Y [ e () (‘%) B (x2)b5(x3)
N
=3 [ty () 03I — vl

Observe that the first and second terms correspond to equations (19) and (20), as desired.
O

15
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The Hartree-Fock method, despite its physically more accurate picture, was little used
until the advent of electronic computers. Before then, Hartree’s method and other empirical
models were favoured for their small computational cost.

Note that technically Hartree-Fock is not a density functional theory (DFT), as the term
specifically refers to orbital-free (orbital-independent) methods, such as the Thomas-Fermi
model.

4.5 Iterative Scheme

The iterative scheme of the Hartree-Fock method is illustrated in the figure 1, taken from
Wikipedia, Hartree-Fock Method.

5 Post Hartree-Fock Methods

In the last section we have devised a way to formulate the problem of solving our TISE
using a recursive scheme. Now we build on the previous method and make corrections to
approximate the true value even better, using the Hartree-Fock wavefunction as our new initial
value. We call these methods Post Hartree-Fock methods.

To remove any ambiguity, from now on we shall call write the Hartree-Fock wavefunction
as ®1Fand recall that it should satisfy

1
oM = N det (¢1, @, -, dn)
(@7 | @57)
The orbital wavefunctions (¢;, @, ..., ¢,) can be separated into their spatial and spin
components (why?), so that _
Di e, (X) = &, , (r)a;(0). (37)

J

Example 5.1 (Two-spin systems). In a two spin system, the spin function only takes on two
values, namely a; = {«, 8}, representing spin-up and spin-down respectively. Then we can
write

$i.0(X) =0, (X)a(0),  ; 3(x) = @, 4(r)B(0).

k]

Example 5.2 (Spin channel). Calculate spin channel?

Using a known complete basis {x,,(r)}, p = 1,2, ..., 1y, we can expand 51 , as

M
¢i,a<r> = Z ClroXu(T).
pn=1
By definition of the ground state energy E|,, we have

EO S EHF = EGHF S EUHF S L?RHF7 (38)

where the superscripts refer to the following specific SCF methods:
o GHF: Generalised Hartree-Fock method.

16
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o« UHF: Unrestricted Hartree-Fock method.
o RHF: Restricted Hartree-Fock method.
We set E, = EHF + E€ where E© is the correlation energy such that E¢ = E, pur < 0.

Remark. EC can be obtained systematically in post Hartree-Fock methods with a cost that
also increases systematically (what does this mean?).

5.1 Perturbation theory
When defining the non-interacting particles Hamiltonian, we let

N

AN = ZJ?(%)

i=1
In a similar light, we define a many particle Fock operator by
N N

F= fla;) = Z{Mrwz[%(xz-)—ﬂfj(x,i)]}-

=1

Remark. F is Hermitian.

Exercise 5.1. Check the above remark.

This is the Hartree-Fock Hamiltonian for the whole system. Note that the HF wavefunction
is in general not a eigenfunction of the electronic Hamiltonian H,, but it is an eigenfunction of
Fie.

FUF — oGl

Then we have

Following the time-independent per‘Eurbatlon method of quantum mechanics, we define the
unperturbed Hamiltonian H, to be F', and treat the external potential as our perturbation:

i
q—

Set up the following perturbation problem:
(1) H=Hy+\V + -,
U 0 L ATD 4 22T 4 ... (39)
(3) E=E9 +XED 4 X2E?) 4
Christian Mgller and Milton S. Plesset (1934) developed a systematic way to treat quantum

chemical systems using the perturbation method. This is called the Mgller-Plesset perturbation
theory (MP). Matching coefficients, we get:

17



Density Functional Theory Jonathan Huang 3% 48 3

o Level 0 (A\Y):
ﬁ[o\p(O) — E0)g(0)

N
= O =gl pPMPO= B0 =% "¢,

Remark. This can be used for systems of up to N ~ 500 electrons.

o Level 1 (\):

=1

Then
E(O) + E( ) — EMPO 4 EMPL _ pHF

o Higher levels:
MP2, MP3, MP4, ...

The computational cpomplexity for solving for 2nd-order (MP2), 3rd-order(MP3), etc.
are, respectively, ©O(N?), O(N®) (??), ©(N7). Carrying up to n-th order gives the exact
solution.

5.2 Full Configuration Interaction

In the full configuration interacting (FCI) method, we use HF orbitals to generate all
possible (or, as many as computationally effective) WH¥. This produces configuration state

functions (CSFs) {WHF}

From perturbative methods:

Example 5.3 (Transition wavefunctions). We can actually construct wavefunctions that de-
scribe the transition of electrons between different orbitals.

« Single excitation (i — a ):

Pae

1
i = mdet <¢1a s D1y Doy D15 oo »¢N) .

« Double excitation (i — a,j — b ):

\P?Jb = det (¢17 7¢i717¢a’ ¢i+1a tee ¢j717¢b> ¢j+17 7¢N) .

1
V' N!

And so on and so forth. The states (i, j, k, ... ) describe occupied states: 1,2,..., N, while the
states (a, b, c, ... ) describe unoccupied or virtual states: N + 1, N + 2, ....

Finding the exact solution of FCI determinants is an NP-complete problem , i.e. solutions
can be verified quickly (in polynomial time) but not found quickly.

18
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Definition 5.1 (NP-complete).
Remark. NP-complete problems also include

Since F is Hermitian, {¥HF} is a complete basis. This means we can calculate the exact
electronic wavefunction using the expansion

v=> " C,uhr

so in principle we can obtain exact solutions to ¥, and E,, using FCI. However, the cost goes
like ©(e*Y), and the limit is around N ~ 20.

Example 5.4 (FCI in practice). We consider the singlet state of the water molecule H,O:
1. Using the 6 — 31G(d) basis (M = 19) requires ~ 30 x 10% CSFs.

2. Using the 6 — 311G(2d, 2p) basis (M = 41 ) requires ~ 106 x 10° CSFs. This is already
over limit for classical computers and even quantum computers!

3. Take the limit M — oo gives the exact result and the lowest EMF prediction.

Remark. The Hartree-Fock energy is an upperbound of the true GS energy, i.e. E, < BHY.

In the above example, we found that it is unfeasible to use FCI to solve even a small
system. In order to make computation easier, we introduce the truncation of FCI, at the cost
of accuracy:

CISD, CISDT, CISDTQ, CISDTQ5, ...,CI(SDTQ56---N).

The truncated configuration interaction (TCI) method has size-onconsistency issues. When

solving for the helium dimer. This problem is solved by introducing the coupled-cluster
(CC) theory .

6 Electron Density

Problem of storing wavefunction information: a system of N particles has 3N degrees of
freedom, so it lives in a 3D-dimensional configuration space. There are
>N

(10%)" = 103N

states, so for a small system of N ~ 10 there are ~ 103" states to consider. This is beyond any
modern computation capacity.

To solve the problem, we look for another quantity that also uniquely encodes the infor-
mation we need, i.e. ground state energy, and minimise with respect to that quantity. The
quantity is electron (number) density.

The electron density is given by p = p(r), which is 3 dimensional. Question: can we
minimise E; as a function of p, namely,

E, = min E[p]
P

subject to [ d3r p(r) = N?

19
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6.1 Two Theorems

Theorem 6.1. Given the wavefunction W, electron density p(r) is determined as a functional

of .

Theorem 6.2. Given the electron density p(r), energy E is determined as a functional of p.

6.2 Deriving the Electron Density Relation

Definition 6.1 (density operator). The electron density is, according to quantum mechanics,
the expectation value of some corresponding operator, which we call the electron density operator
p. Then

p(r) = (¥[p[¥),

where
N

p= Zé r—r,)

=1
Example 6.1 (One-electron system). For a one-electron system,
2
1) = Z | (xq)]
(e

By definition, it is easy to check that
/d37“1p /d3 Z|\Il (xy)|” =

Example 6.2 (N-electron system ). For an N-electron system,

2
P =N Y /d%/d?’ @y 1 x)

01,0255

Then the normalisation is

/d37”1,0(r1):N'1:N;

as expected. This equation can be used to compute p(r) given some wavefunction W(x, Xq, ..., X )-

Recall the definition of the energy functional from Hartree’s method:

|8+ (a|V]®) + (20| ) (40)
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We will show that the external potential term in H can be written as a functional of p(r).

V.

ex

= VW] = (v|V|¥)

= ZU /d3r1/d3r2---/d3rN\IJ(xl,...,xN)* (g V<ri)> W(xy, s Xp)

01,025

:i;/dBTiV(ri){ > /dgrl"'/dSTi1/d3ri+1"'/d3TN |\1](X17'"vXN)|2}

01,02,--,0N

= i [envep{Go}=n [@rvm {Gom |
= /dgrp(r)V(r) = Vip].

This way, the external potential V  is also a functional of p(r). This is the reason DFT
succeeds.

Example 6.3 (Electron density for an N-electron system with SD wavefunction). Given a set
of wavefunctions ¢, ¢, ..., ¢, suppose the wavefunction can be represented as a single Slater

determinant. We obtain
N
2
p(ry) = ZZ |9 (x;)[" -
=1 o;

i
Showing that this (kind of intuitive) relation holds is actually not trivial, and requires exmploy-

ing the Slater-Condon rules. The below derivation is my solution to Problem 2 of Homework
1.

Proof. Again assume the N-electron wave function is of the form

¢1(z1)  P1(xy) - P1(TN)

N ):L Po(x1)  Pa(xe) - Polxn)
v : S : (41)

TS (x,, ...

on(z1) On(T2) - On(TN)

= Ldet (P1, P2y s D) -

VA

For simplicity we denote ®°“ with ¥ from now on.

Again using equ. (22), we can express the determinant more compactly in its expansion
form, which has N! terms and is organised as follows:

N
V(o) = % S sen(o) [[ oo (%), (42)
" 0€Sy i=1

where o € Sy is a permutation of the indices (belonging to the permutation group Sy ), and
sgn accounts for antisymmetry.
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By definition we have
N

-Gl

i=1
N
:/dx2---/de U (X, Xg ..., Xpy) Yy O(r — 1)U (X, Xg, ..., X ),
-1

1

Since non-interacting operators do not distinguish between electrons, we take 1 as a represen-
tative to get

plr) = N (W] 3(r —x,) | )
1 2 1 / a *
- N / day - [ oy, (W;sgnw)gqszm(xn) (3 —1) (W;sgnw >31211¢0/<j><xj>>

— 1 Z /d3r1 r—ryg /d To /d TN Zngn o) sgn(o HH¢Z(¢)(Xi>¢U’(j)(Xj)
- (N_l)! Ul,Z.,crN/dSTl&r_rl)/dgrz"'/dSTN ;EMU(”(X

(44)
N
i ﬁzw_ ) / Pry o —ry) 3 |ou(ry))
! k=1
—ZZ/d?’Tl (x — %) [@r(x))] :ZZW’f

10'1

T: As in problem 1, since {¢,} is orthonormal, the integrals over 5 to ry multiply to zero
unless the electrons occupy the same orbital in the two products, i.e. for each (i) in the first
product, we have ¢’(j) = (i) in the second. By the bijectivity of o : {1,..., N} <> {1,..., N},
we know that o(1) = ¢’(1). j is just a dummy variable, so we rename 1t to be ¢, (5 (x;) =

Doiy(X;)-

I: Electron 1 can occupy each orbital exactly (N — 1)! times, since with 1 fixed, the
remaining can be permuted in (N — 1)! ways, giving

/ d3r, / By |

where o € Sy_; is a permutation of N — 1 elements. ]

(45)

02, LoN 1=1

Example 6.4 (Spin-unrestricted system). The system is described by an a-channel and a
B-channel, which don’t necessarily share the same spatial wavefunction.

¢;(x1) = Ei,a(ri)a(‘ﬁ)» i=1,...,N,,

or
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Using the formula in example 6.2, we get

N, Ng
o) = 33 B awdalon)| + 30 S8 0080 [ o = {25
=1 o, i=1 o4
N, B 5 Nﬁ _ )
=S [bin)| + 36, 500)| = palry) + pp(ry)
=1 =1
No _ 2
- Z gbi,a(rl)‘ = Z pa’(rl)
o={a,B} =1 o={a,B}

Recall that , )
Y ale) =140=1, Y |Blo)] =0+1=

o1 ={£1/2} o1 ={£1/2}

Question: Can we do the same for T and U?

1. Kinetic energy: In atomic units,

N
as appears in Hartree-Fock theory. Then

T = i_v; <¢i ¢i>
_ EN: [ o0 (=) 600
- ¥ > (a.

o={a,p} i=1

VQ

2

¢i> —T{a}),

v2
2

where the last equality holds if it is a spin-unrestricted system.

Kinetic energy is functional of W, and if ¥ = Wgp, (¢;/¢;) = 6, it is a funtional of the

150
orbitals. But in general it is not a functional of p(r).
2. Interaction potential energy: Again, in atomic units,
U=U[® = (V|U|v),

where

If ¥ = Vg, (single-Slater determinant) and (¢;|¢;) = 9,

;4> then
1 N
U= 5;{[ZZ|JJ]—[ZJ’JZ]}=E + E*.

Here we define the Hartree energy EM and the exchange energy EX | and we shall show
that they are determined by p and {¢,}, respectively:

E" = EYp], B* = EX[{¢,}].
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The square braket defines a certain inner product-like integral between the states in
position 1 and position 2:

it = [ ao, [ @ 6,000,00) () dul) onta)
Then

EH — %i/d%/dl‘z ¢;(x1)*¢ <X1)¢ (x2)" ¢'(X2)

r] — 1y

1 SN o) SN e (x0)]”
— 5/dxl/dan'z ‘rl J

— 1y

— 1/0137“1 /d3r2 <Zfi1 Z”? |¢i(x1)|2> <Zj\[:1 202 |¢j(x2)‘2>

[r; — 1y

_ /d3r1/d3 rl_r2|) EMp].

Remark. This is analogous to the classical picture of electrostatic charge density p(r).

Remark. Hartree energy includes an unphysical self-interaction term. For ¢ = j, we have

BN pi(r)pi(ry)
5 > liilii] = { /d3r1/d3r2 d _Z }
i=1 Iy

= Z EY[p,] = self-interaction energy.
=1

This will be cancelled by a corresponding term in exchange energy (again, the i = j
term).

Now we work on the exchange term, EX:

:__Z [ij]ji) = ——Z/dxl/d 2, i) |(I).(11>_¢i"<:|{2)*¢i<x2>
- {X0 00000 {6,066, 000)

N r; — 1y

For the spin-unrestricted (spin-polarised) case, we let ¢;(x) = ¢,(r,0), and ¢,(r,0) =
¢; o(r)a(o) or ¢(r,0) = ¢, 5(r)B(c). Here o is the electron spin. Then

‘Zz 1¢z G'(r].) ¢z G(r2)‘2
3 3
By = ﬁ}/d /d ry

Ue{a I‘1 - I'2|
2
/dgrl/d?’ ry |% r,T5)| ’
ae{a,ﬁ} |I‘1 — 1‘2’
where
NO'
Vo(ry,Ty) = Z ¢i,a(r1)*¢i,a(r2)
i—1

is the o-spin one-electron reduced density matrix (1-RDM).
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Remark.
Definition 6.2 (RDM in terms of wavefunctions).

(a) One-electron spin-orbital RDM:
v(xq,x7) = N/dm2 ---/de U (2], Xgy oo s X3 ) U (X, Xgy ooy X )- (46)
(b) One-electron RDM (1-RDM):

7(X17X/1) ENZ/d$2'”/de\Ij(r/170-17x2a"'7XN>*\I/(I‘170-17X27'--7XN)' (47)

(¢) Two-electron RMD (2-RDM): Might need extra constraints. Otherwise the model
may not be variational, since E*>~EPM may be lower than E,.

(d) Pair-density functional theory.
What is the physical interpretation of these functions?

Similarly, we can define the N-electron spin-orbital density matrix:

YN (X, ooy Xy X oo X)) = V(X o, X)) U (X, oo, Xy)

Xqy ey X | U) (W XT, e, X)) (48)
DSERT aXN‘ ﬁN ‘X/D ’X3V> ’

=
=

Conclusion: The interaction potential energy can be separated into two parts: Hartree
energy and exchange energy. We have shown that Hartree energy is a functional of p.

7 Thomas-Fermi Model

The Thomas-Fermi model was separately developed by Thomas and Fermi around 1927.
It is the first density functional theory. In this section we also employ atomic units.

E=E[W = (v|H|v)
=T[¥] 4+ V[¥] + U[¥].
When is it possible to write
E = Elp] =T[p] + VIp] + Ulp], (49)
as a sole functional of p?

In a moment, we will se that while no analytic solution exists for T" and U, we can achieve
this approximately in the Thomas-Fermi model.

For the interaction energy, use the classical picture:
1
Ulp] ~ E"[p] = —/d37“1 /d37~2 pry)p(ry)
2 ) — 1y

Note that in the Thomas-Fermi model they ignored the exchange energy. Fock only introduced
the idea of exchange energy when he formulated the Hartree-Fock theory in 1928. Until then,
Hartree’s equation was the main theory for multi-electron systems.
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For the kinetic energy term, consider a large amount of non-interacting electrons in the
presence of no external fields (V(r) = 0 ) at absolute zero. This is the ideal Fermi gas
approximation.

Consider a box of free electrons in a square box of length L, so V = L3. Then we write
the density of uniform electron gas as p, = % For the spin unpolarised case, we have

E T 3 3 /1 2/3

N N 5\2
But also
T _ (Z) (K) _t
N \V N) po’
where T 3
2/3 5/3 5/3
tzvzl—o(i’mz) :00/ = Crpy /

is the kinetic energy density.

Then we assume that ¢(r) depends only on the local density p(r) . This is the local
density (LD) approximation, i.e.

{18 (r) = tVEG(p(x) = Cpp(r)?/>.
Then

TTF|p) — / EriTF(r) = Oy / & p(r)?/3.

Remark. The TF model is also the first LDA model.

For the spin-unrestricted case, we can make the following alterations, called the spin-scaling
relation:

T™¥(p, 5] = 5 (T [20,] + T™[20,]).

Collecting the result of the above approximations, we have the full funtional E|[p] written as

Elp) =T7(p) + [ & po)V i) + B

:CF/d3rp(r)5/3+/d3rp /dSTl/dS 1'1 rI'2|>
2

7.1 Solving the variational problem

(50)

We have the following variation problem to solve:

5p(zr) {E[p] —H [/d37”P(F) —N]} =0.

Here we give an example calculation for the kinetic energy functional.

Example 7.1 (Kinetic energy functional). Let F[p] = T [p] = Cp [ d®r p(r)%/3.

Solving the above variational equation (use the Euler-Lagrange equation), we get
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which is exactly the chemical potential, as shown here: Recall the definition of the chemical
potential:

(chemical potential) = <

o) 6E[p(r)])

where the second equality follows from the first Hohenberg-Kohn theorem, which states that
GS energy is uniquely determined by electron number density.

This is an orbital-free density functional theory, which is the original DFT (notice
that the derivation does not refer to orbitals).

Remark. The complexity of this method is said to be O(NV).

The interaction integral appears at first sight to be of order O(M?), where M is the number
of grid points. However, we can approximately lower it to O(M) using the following methods:

1. Fourier transform: The integral is in the form of a convolution integral, so we can do the
following procedure:

Fourier transform — scalar multiplication — Inverse Fourier transform

Using fast Fourier transform we can reduce the cost to ~ O(M log M) ~ O(M).
2. Poisson equation:

Thus TF theory has very low computational complexity O(N) , but it is not accurate
enough for most applications in condensed state physics. For example, the TF model predicts
no binding between electrons, and the inter-atomic force is repulsive regardless of distance
(Teller’s theorem, Rev. Mod. Phys. 34, 627 (1962)).

Example 7.2 (Coulomb potential). Consider the potential as a functional of electron density:

V(o] = /d3r’ plr)

']

Example 7.3 (Electron-electron interaction energy). Consider the functional
1 /
J[p] = —/dST/d?’r’ p(r)p(r’)
2 v —r/|

Example 7.4 (One-electron system). The kinetic energy of a single-electron system can be
written in its von Weizsacker form:

_ W_l 3T|VP<I')|2
T _8/d HEHL (51)
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This may be regarded as the energy of a bosonic ground state, since all particles are condensed
into the same orbital. Define the kinetic energy density tV to be

2
L g [
8 p(r)

After some calculation, it can be shown that

tW

0TV 1|Vp(r)"  1V3p(r)
op(r) 8 p(r) 4 p(r)

However, the von Weizsacker kinetic energy is not accurate. To make more accurate
predictions, we can make the following modification to the kinetic energy density term, called
the TFW model.

Example 7.5 (TFW model). Define the kinetic energy as
TTFW = TTF + TW

Here TW is the von Weizsicker kinetic energy functional. This form binds atoms. Disappointly,
the kinetic energy predicted by this approach is not much better than the original TF model,
e.g. the results for Ar dimers are 29% below the experimental value.

Example 7.6 (TF§W model). Another similar kinetic energy functional that has been shown

to bind atoms is given by

TTFGW — 7TF %TW_

This model is exact for long-wavelength perturbations, and gives the correct second-order gra-
dient expansion correction to the TF functional. However, energy predictions are again inac-
curate.

Similarly, the more general combination
TTIFAW — pTF | \TW

has been investigated. All TFAW models predict a finite p at the nucleus, and exponential
decay far away. However, only at A = 1 is the correct exponential decay constant predicted
(Cf. Jeng-Da Chai; Weeks, John D. (2004). Modified statistical treatment of kinetic energy in

the Thomas-Fermi model.)

8 Hohenberg-Kohn Theorem

Recall the various assumptions used in the Thomas-Fermi model of section 7:
1. We assumed F is a sole functional of p.
2. We assumed the desired ground state energy is £, = min, E[p] subject to [ d®rp(r) = N.

3. The expression for energy

Elp) = [ @rp(e)V(x) + T™(p] + E[o
is approximate.
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In the Thomas-Fermi model, we used the uniform Fermi gas approximation (a delocalised
picture) to treat the kinetic energy, but assumed LDA on p(r) to carry out the calculation.
This is inherently contradictory.

The Hohenberg-Kohn theorems put DF'T on firm theoretical footing. We state the Hohenberg-
Kohn theorems as follows:

Theorem 8.1 (First Hohenberg-Kohn theorem). Suppose the ground state wavefunction ¥ is
nondegenerate for a system of N electrons in the presence of an external potential V (r). Then
there is a one-to-one correspondence between the ground state density p(r) and the external
potential V (r), up to a constant. That is,

one—to—one

p(r) «—— V(r) up to a constant.

Proof. We show the two directions of the mapping:

( <) Given V(r), the Hamiltonian is determined, so we have a Schrodinger equation to

solve. Solving R P
HVU = [T +V + U] o

gives the wavefunction ¥ uniquely up to a phase factor, so

is uniquely determined up to an integration constant. Here we used the fact that the ground

state is non-degenerate.

( = ) Assume by way of contradition that there are two potentials V,(r), V,(r) differing
by more than a constant that produce the same p(r).

Let ﬁa =T+ XA/a +U, ﬁb =T+ ‘A/b + U. Then assume their ground state energy is E,,
E,, given by
Ha |\I}a> = Ea ‘\Ija> ’ Hb ’\I,b> = Eb |\Ijb> :

Assume again by way of contradiction that |¥,) is an eigenstate of H,, and H, |¥,) =
E,_|V¥,). Subtracting gives

(ﬁa - ﬁb) ’\I,a> = (‘7@ o ‘Z)) ‘\Ila> = (Ea o Ea) ‘\Ija> :

So N N )
Z Va<ri) o Z Vb(ri) \I[a<xl7 7XN> = (Ea o Ea>\Ija(Xl7 7XN>7
=1 =1

which is a contradiction since the left hand side is a function of r while the right hand side
isn’t. Thus |¥,) is not an eigenstate of H,. By the same reasoning, |V;) is not an eigenstate
of H,.

By the Rayleigh-Ritz variational principle,
E,=(Y,|H,|¥,) < (¥,|H,|¥,)
= <\Ilb‘lf]b+‘7b_‘7a ‘1’b>
=B+ [ Vi)~ [ oV,

=B+ [ o) V) = V0]
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Exchanging the role of a and b:

By < Byt [ @rp(r) [Va(x) = Vy(o).
Add the two inequalities to get
E,+FE, <E,+FE,

thus the contradiction. O]

Remark. The proof seems very general. Can we extend the result to any functional of the
wavefunction W, as p(r) = p[¥(r)] itself is?

By the first Hohenberg-Kohn theorem, we get the following result: the external potential
V(r), the wavefunction ¥, and the density p(r) are equally capable of representing a physical
system. That p(r) can fully characterise a system is the foundation of density functional theory.

The first Hohenberg-Kohn theorem isn’t enough to determine the ground state density in
practice, since it only applies if we could guess at the correct p(r). The second Hohenberg-Kohn
theorem gives a way to find the correct ground state energy.

Theorem 8.2 (Second Hohenberg-Kohn theorem). The electron density that minimises the
energy of the overall functional E|p] is the true ground state electron density corresponding to
the full solutions of the Schrodinger equation. That is,

Elp] 2 min Elp] = Eo.

where the minimisation is subject to [ d3r p(r) = 1.
Proof. Suppose pp(r) is a trial density, and p(r) is the true ground state density. By theorem

8.1, if pp(r) # p(r), their corresponding potentials Vip(r) and V(r) differ by more than a
constant, and their corresponding states |Uy) and |¥) differ by more than a phase factor.

Then
Elpr] = E[¥q] = <‘1’T ’ H ‘ ‘I’T>
< (V|H|v)=E=E[

=ﬂm+/&mmwm+vm.

So, for all possible p(r), we have

Elp] > Hll)i,nE[p’] = E[p] = E,.

]

In theorem 8.1 and theorem 8.2, p(r) must be the ground state density of some external
potential V (r).

Remark. Noticce that the second Hohenberg-Kohn theorem is very much like the Rayleigh-Ritz
variational method, but now we are confining the search to only a subset of the space of all
possible p(r). In particular, we are searching under the condition that p(r) is normalised.

Definition 8.1 (v-representability). In the above discussion, p must be the non-degenerate
ground state density of some external potential. Such a density p(r) is called v-representable.
Howewver, not all p has to be v-representable.
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8.1 Levy Constrained-Search Formulation

This method is based on the Rayleigh-Ritz variational method, and was developed in 1982.
Consider the following optimisation problem:
Ey, = min F[®] = min <<I> T+V+U
® ®

).

This can be written as a minimisation problem with respect to p:

Ey = min {min [(8| V] @) + (2| T+ T|@)]}. (52)

p

Here we search for all possible trial N-electron wavefunction ® that yield a given N-representable
p, and minimise {---}. Then we search for all possible N-representable density p that minimises
[--]. The inner minimisation is possible because given p, ® = ®[p] is a functional of p. Then

Ey = min {glin [/ d3rp(r)V(r) + <<I>

P —p

_ min{/d37“p(r)V(r) + min [(@ |7+ U\‘I’”}

= min { / &y p(r)V (x) + F[p]}
= Elp]

The p does not have to be the non-degenerate ground state of some external potential.
That is, p does not have to be v-representable, but only N-representable. Practicality of this
method is limited.

If the exact universal functional F[p] can be found, we can minimise E|[p] subject to the
constraint [ d®r p(r)V(r) = N:

5,0(21“) [Ep_” </d3rp<r)v<r)—N>] =0,

dE|p]
op(r)

OF[p]
op(r)

= u= =V(r)+

The physical significance of p is simply
= po(r), Ey = Elpo]-

The main problem of determining the F[p] lies in the difficulty of finding the correct kinetic
energy functional. Now we can restate the two HK theorems as follows: If the ground state
wavefunction is nondegenerate, then

1. E=E[p] = [ d®rp(x)V(r) + Flp].

2. The ground state energy is given by Ej = min, E[p], and the Lagrange multiplier is
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9 Kohn-Sham Method

The Kohn-Sham method was developed in 1965 in a paper by Walter Kohn and Lu Jeu
Sham. “Kohn received a Nobel Prize in Chemistry in 1998 for the Kohn-Sham equations and
other work related to density functional theory (DFT).”

In my opinion, it is unfortunate that Sham and Hohenberg were not awarded that year’s
Nobel prize alongside Kohn. Instead, the other half of that year’s prize was awarded to John
Pople, for the development of ab initio calculations in quantum chemistry. I think this is a good
start of a conversation on the scientific culture shaped by the Nobel Prize Committee, which
almost too often exemplifies the image of individual genius and undermines the importance of
the collective scientific machinery.

9.1 Exchange-Correlation Energy

The principle goes as follows: for a physical system with external potential V' (r), we find a
Kohn-Sham reference system, which is an N-particle non-interacting system. We suppose
that we can find an effective potential V_4 for the reference system such that the ground state
density pg(r) is the same as that of the physical system p(r) .

A natural question to ask now is: what is V_5? This question may be answered as follows:
Since the Hohenberg-Kohn theorems are applicable to both systems, for the reference system
we have

Eglps] = /dgT’Ps(r)V(r) + Fglpg].

Here Fglpg] = <<I> ‘ T ‘ <I>> = Tg[pg] is the non-interacting kinetic energy functional. Then by
the Euler equation we have

OEdps] 0Tl
Hs = gy — )T ey

For the physical system, we have

Ezmmz/&m@ww+Fw,

where Flp] = (¥ |T+ U |¥) = T5[p] + E"[p] + (F[p] — T5[p] — EM[p]), and we define the
term in parenthesis as the exchange-correlation energy functional EX“[p]. By the Euler
equation, we get

§E 51" SEM SEXC
o 5p([f)] =V + 5p(£[;] " 50(1£§] 5p(r[)p]

By our assumption, p(r) = p°(r), so subtracting gives

SE"[p]  SEXC[p]

op(r) dp(r)

SE"[p] | SEXC[p]

op(r) op(r)

Here we can without loss of generality (really!) set that constant equal to 0, since there is a
degree of freedom induced by (*). Note that without the assumption that p = p3, it is not even
guaranteed that EXC[p] is defined.

P — = Veg(r) — | V(r) +

= Vea(r) = V(r) +

-+ const.

There are three assumptions used in the identification of the physical system with the
chosen Kohn-Sham reference system:
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o The Hohenberg-Kohn theorems hold for the physical system
e The Hohenberg-Kohn theorems hold for the reference system

o The ground state density of the reference system pg(r) is equal to that of the physical
system p(r).

Remark. The Kohn-Sham scheme relies on the construction of reliable exchange-correlation
(XC) functionals for accuracy.

Definition 9.1 (Exchange-correlation energy functional). The exchange-correlation energy
functional EXC[p] of a system under the Kohn-Sham scheme quantifies the deviation of the
system from the Hartree energy functional. It is given by

EXCp) = Flp] — T*[p] — E"[p]

— (0| T+ T|w) — (@|T|®) — B (53)

9.2 Solving the Kohn-Sham Equations

The upside of using a . So now we instead solve the Schrodinger equation for the Kohn-
Sham reference system, which is composed of single-electron wavefunctions. Consider the

Hamiltonian
R R R N N
=73 (<) 4 Do vt 50

Jj=1 J=1

We introduce the single-particle Hamiltonian, as in section (), and write

H® = "h(r)), (55)
where o2
h(r) = =+ Viglr), (56)

and h satisfies the Schrodinger-like equation (this is not actually a Schrodinger equation in
the usual sense, since the wavefunctions are Kohn-Sham orbitals, and do not correspond to
anything physical)

h(r)g;(x) = €;0;(x). (57)
Here x = (r,0), and the orbital energy ¢, is ordered as ¢; < €, < €5 < -+

To sum up, the three steps to carry out the calculations are:

(A) Effective potential:
JE"[p]  SEXC[p]

+
op(r) op(r)
(B) Solve the Kohn-Sham equations with the given Hamiltonian:

{_V; V) 0,0) = €0,

Viglr) = V(r) +

where €, < €y < --e.

(C) Calculate density as
N
2
=22 lel™
=1 o
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The goal is to avoid solving Schrodinger’s equation for the physical system, which may
include interactions, but it is alright to solve the Schrédinger equation for the Kohn-Sham
system.

Search for all possible effective potential, we get the non-interacting Hamiltonian. Then
we can diagonalise the Hamiltonian for the n orbitals with smallest eigenvalues. Then we can
calculate the Kohn-Sham ground state density p with the corresponding orbitals.

Chai: ”p must come from some v-representable, non-inetracting orbitals.”

Chai: "the need for nondegeneracy is manifest here: because of the nondegeneracy of
ground state wavefunction, we can write ® as one single Slater determinant.”

9.3 Hellmann-Feynman Theorem

Proposed independently in 1937 by Hellman and R. P. Feynman (Phys Rev 56, 340 (1939)
Force in Molecules). For a Hamiltonian dependent on some continuous variable A, the theorem
gives the expectation value of the derivative of the Hamiltonian with respect to A.

Theorem 9.1 (Hellmann-Feynman theorem). Let H \ be a Hamiltonian operator depending
upon a continuous parameter X\, satisfying

H,\ |‘I’>\> - E/\ |‘I’,\> .

dd% = <\IfA \11A> . (58)

Proof. First notice that (¥, | ¥,) is normalised at all times, so

Then ~
dH,
dA

d
(U\|Ty) =1 = a<\11>\|\11>\>:0-

For simplicity of notation, from now on A-dependence of the Hamiltonian H \ and wave-
function W, is implied, so all A subscripts are neglected. Differentiate the energy expectation
value with respect to A:

oAl
(2o + (o[ ] ) + o] 21)
~e({GF o)+ (I + (o))

O

Example 9.1 (Appliaction of the Hellmann-Feynman theorem). Consider a system whose
energy changes as a function of some continuous variable A. Then we have

1 1
EH—EH:/ d)\dd%:/ dx (U, |, | @y).
0 0
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By the Hellmann-Feynman theorem, we then deduce that

N S <\I/>\ ‘ Hy ‘ llI’\>,\:1 B <

>A:o'

It is useful to introduce the following correlation function.

Definition 9.2 (Pair correlation function). The electron pait correlation function (PCF) is
given by

II(ry,ry) = N(N —1) Z /de/dx4 /d:z:N (X1, Xg, ooy Xn) U (X, X9y ooy X ) (59)

01,02

The 11(ry,ry) thus defined is proportional to the probability density of finding one electrom at
r, and another at ry.

Remark. We will introduce the following fun notation convention for dealing with these inte-
grals of many variables, where we leave out integration with respect to certain indices in the
sequences.

For an integral with respect to all subscripts except the i- and j-th indices, we shall write

dx,dxy---dx
i

For example, in the above definition of the pair correlation function (equ. (59)), we can
instead write

H(r17r2> _1 Z/ /( . mN) \I!*<X17X27"'7XN)\IJ(X17X27'~7XN>

. dz,dz,

=N(N—1) Z/ /dx3dx4 ~dx ) UH(xq, X, oo, X)W (X, Xgy ooy X )

01,02

Now, we will work on the interaction potential term using the pair correlation function.
The interaction potential is given by

U=U[Y]=(¥|U|v),

where
~ N 1 N 1NN
U = - _ _
R IR L)

We will do the following manipulation to express the interaction energy in terms of the pair
correlation function:
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Remark. A note on the notation: it is difficult to type out big-sigma summation (X) with a
prime, i.e. ¥/, in math mode, so the abbreviation

N N
DEDID
i=1 j+i
will be written out in its full form.

If we know 2-RDN, then we can derive everything (7). But the problem is how to get the
2-RDN in the first place -> search for all 2-RDN that come from N-electron wave fcuntions.
So: Exact functional of PCF.

Remark. Does a Kohn-Sham model system exist for all physical electron systems? This (open)
question is equivalent to asking whether electron densities of real physical systems are always
noninteracting v-representable.

9.4 Revisiting Correlation Energy

We can rephrase the problem of solving the Schrodinger equation in the language of per-
turbation theory. That is, we introduce the interaction energy as a perturbation to the nonin-
teracting Hamiltonian.

H, =T +V,+ AU, (61)
where

I:I,\"I’A>:E,\|‘I’A>a0§)\§1~

Recall that we define the exchange-correlation energy functional EX¢[p] as the deviation
of the interaction energy from the Hartree energy, i.e.

EXC[p]:/O dx (U, | U] ®,) — E"[p).

Define the quantity
1
/ dA I, (ry, T5)
0

to be the average pair correlation function,
1
/ dA Iy (ry, 1p) =11, (1, T5). (62)
0

Using the notation from last section, we have

EXC[P] = %/dgrl/dgrzé {/0 dA I, (ry, 15) —P(X1)0<X2)}

= %/d3rl/d37‘2 %{Have@prz) — p(ry)p(re)}

12

_ l/d?”r’ /d3r p(r)h*C(ry,ry)
2 1 2 7“1 )

2

where we further define -
hXC(r17r2) = M

o(r;) — p(ry).

This quantity has many interesting properties, so we give it a name.
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Definition 9.3 (Exchange hole). Given the electron density p(r) and the electron pair corre-
lation function I(ry,ry), we first define the average pair correlation function

/1 dATT, (rq,1y). (63)

Then we can define the exchange-correlation hole, written as

Wy 1y) = ST iy, (64)

The exchange-correlation (XC) hole describes the reduction in the probability of finding
two electrons at the same position in space due to exchange and correlation effects. I.e. since
the electron is a fermion, the probability of finding an electron is affected by the presence of
another electron.

In the spin-polarised case, we consider the decomposition of p(r) into its spatial part and
its spin part, where unlike previous notation we leave out the overline of p,:

pr)= Y p,(r).

oe{a,p}
Then
p(rl)p(r2)2< Z Pa(r1)> ( Z pa’(r2)>
oc{a, B} o'e{a,B}
= Z po(rl)pa’<r2)‘
o,0'e{a,B}
Also,

Mree) = Y [V -1 [ @ [ dn w0

o1,056{£5}

= Z IT, (x4, %3)

01,02

= 3 (o) (0, 02)

01,02
/7
- Z 57 (ry, 1)

0,0’ e{a,B}

In our derivation above, we find that it makes things easier if we define a more general
form of the exchange-correlation hole in equation (64), so we introduce the following definition:

I\ (ry,1y) = ZHK’U (r1,T3).

The average pair correlation function can in turn be given a more general form in terms
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of its spin-polarised components:
1
Mofrym) = [ AL m)
0

1
/ dA ZHK’J (ry,rs)
0

o,0’

/
Zﬂg&g (ry,15).
o,0’

Finally, we are ready to give a spin-polarised version of the exchange-correlation hole:

| 5,7 (v, 1) — oy (11)py (1)
EXC:— /d?’?” /dBT ave 102 o\t1/Fo’\*2
2; ) [ & :

]

where we define the spin-polarised hole (since Chai doesn’t mention an already-established
name for this quantity, this is my own terminology) as

’
0,0
ha,a’ _ Have (r17r2>
XCc

0 (1'1) — Po’ <r2)' (65)

Remark. This is an unfortunate instance of bypassing cumbersome notation at the sacrifice of
notational consistency: h¥XC:7:9" does not look good, while h{S does, so we temporarily forget
our subscript-superscript convention for text descriptions.

Here we list some computation rules for the above-defined exchange-correlation hole func-
tion.

Sum rules:

/dSTQ h%"(rl,rz) = /dgTQ h?{’cﬁ@hrg) =—1,
Bry kS (ry, 1) = | Bry K23 (r,1y) =0
2xc\F1y 2 20XC\t1 12 )

Therefore
/ Bry hE (11,19) = 0, 1. (66)

Furthermore, from Pauli’s exclusion principle we get
I$ % (r,r) = Hf’ﬁ(r, r)=0.
This is because the pair correlation function gives the probablity of finding another electron

at place 2 given that an electron already exists at position 1. By Pauli’s exclusion principle,
two electrons cannot occupy the same quantum state (position).

Therefore
RS (1) = —p, (1), (67)
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The exchange-correlation energy is then

EX = %Z/dsﬁ /d3r2 Pa(r1>h§<gc(r1»r2)7
o,0’ 12

2
ha’a/(r r ) Y , _‘70(1'1,1'2” )
R X

and

A rough translation of Chai’s quote from the 4/11/2024 lecture: "DFT is popular definitely
not because it finds an exact expression for the Hamiltonian of electron systems. It is popular
because it strikes a balance between being efficient and being approximately exact.”

9.5 Levy approach

The Levy approach gives us a way to bypass v-representibility requirements. This in turn
gives us a A-generalised universal functional:

Fylp) = min (W] | T+ AU [ Wlp]) = (Wal] | T+ AT [ 95[p])

Here W, [p] is the N-electron wavefunction that yields a given N-representible density p and
minimises ~ ~

(U|T +AU|¥),
while satisfying the normalisation condition

(Walp] [ W5[p]) = 1.

Now we can (partial) differentiate with respect to A:

OF 0 - A
aﬁ[p] = D ((w] 720 |w))
= (0, 0]+ o (| T AT [0
= (U, |U]|w,).
In the last equality, the second term vanishes because
(Uy [T+ 2T |0y)

attains its minimum at A" = A, so the derivative becomes zero.

Then by integrating we have

[ Il By slol — Ficole
= Flp] = T*[p]
= EM[p] + E*°[p]

= [ ax (wlol [ 0] 300])

To proceed with our discussion, we define a density for the energy functional in question,
along the lines of previous methods (refer: Thomas-Fermi enegry).

39



Density Functional Theory Jonathan Huang 3% 48 3

Definition 9.4 (Exchange correlation energy density). Given an exchange correlation energy
functional EXC[p], the corresponding XC energy density is the functional

e*C(r) = e*%p(r)]
such that
BXClp] = / AP £XC(r). (68)

Then we can express the density in terms of the exchange-correlation hole we previously
defined.

€

XC(p,) = 1/d3r2 p<r1)hxc<rlar2)
2 r
12

:@/dgmm

2 T'o1

where in the second equality we defined ry; = ry —r; and 79; = |ryq|. Then

o0 dQ.,, hXC
P(rl)/ d37”21 2 f 21 <r17r21)
0

X, = 2 2

T21

oo
pLT
= 5 / d3r21r21h§é(r1,r21).
o}

Note that the quantity A3 (ry,Ty;) in the final expression is the angular averaged exchange-
correlation hole, so

h%é(rprm) = /dQ21 hXC(r17r21)- (69)

10 Discussion of DFT functional approximations

In this section, we list a few approximations to exchange-correlation functionals, and dis-
cuss various aspects of their usefulness and application.

10.1 Jacob’s Ladder

The various approximation methods for the exchange-correlation energy density functoinal
can be summarised in a table which we call "Jacob’s ladder”.

In Jacob’s Ladder (table 1), the higher up the ladder the higher the accuracy, but lower
the efficiency. The following is a list of comments on and notes for content of the table:

« Density functional approximations on rung 1 and 2 are explicit (pure) density functionals.

o Density functional approximations on rung 1 to 3 are called semilocal functionals. We
will give the precise mathematical definition of local and semilocal functionals in the
paragraph immediately following this section.

o For the MGGA (meta generalised gradient approximation) energy density functional,
we introduce the term 7(r), which stands for the Kohn-Sham kinetic energy density
functional.

« In the fully nonlocal energy density functional, the term {¢,} refers to all the Kohn-Sham
orbitals of the system.
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Heaven
Rung 5 | Fully Nonlocal | eX" (p(r), Vp(r), V2p(r), 7(r), e (r), {¢,(r)})
Rung 4 | Hybrid exe (p(r), Vp(r), V2p(r), 7(r), 652 (r))
Rung 3 MGGA eMEGA (p(r), Vp(r), V2p(r), 7(r))
Rung 2 GGA eSS™ (p(r), Vp(r))
Rung 1 LDA elPA (p(r))
Earth | Hartree Theory exc (r) =0

Table 1: Jacob’s Ladder

e Some functionals do not fit into any of the rungs. The Hartree functional is the most
simple example, but a more sophisticated example will be given later in this section.

Remark. We adopt the following conventoin for naming variables:

Following the comments on the table, it seems now the right time to define preciesly what
we mean by "local” and "semilocal” functionals in DFT.

Definition 10.1 (Local and semilocal functionals). Consider a functional ®, and functions

f:A— Aedom®, then

1. The functional ® is called local if it can be written as an explicit function of the inde-
pendent variable and f, i.e.

O[f(z)] = @ (z, f(z)). (70)

2. The functional 11 is called semilocal if it can be written as an explicit function of the
independent variable and finitely many derivatives of f, i.e.

O[f(2)] = @ (2, f(2), (@), ... [N (@) (71)

10.2 Local Density Approximation

The local density approximation (LDA) for spin-unpolarised systems was first derived by
Dirac (1930). Refer to Jacob’s Ladder (table (1)), this is rung 1 on the ladder. Consider a
uniform electron gas (from now on denoted by the abbreviation UEG in superscripts) of density
N inside a volume V. The density of UEG is then

N
=_, 72
Po vV ( )
and similarly we define the exchange energy density as
E
YEG = X 73
e = & (73)

Remark. As the name itself suggests, in the LDA scheme, we define energy density functionals
as local functionals, whose definition was given in equation (70).
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In the spin-unpolarised case, we have

3 /3\"?
ex"%(po) = CXP4/3 Cx =—7 (‘) :
Then we define the LDA exchange density as
P (r) = X (p(r)) = Oxp*(r), (74)
and

ELDA[,O] /d3T€LDA( )_ CX/d?’rp4/3(r).

The spin-unpolarised case corresponds to

Pa = pﬁ = 57
where p,, and pg are the densities of spins 0 = @ and o = 3. In the case of general spins, i.e.
spin-polarised systems, we can use the following spin-scaling relations

1
Ex[pa:psl = 3 (Ex[2p,] + Ex[2pp5]) s (exchange energy) -

(Ts[2p0) + Ts[2p4]) - (kinetic energy)

N | =

TS[pou pﬂ] =

Now we consider the correlation energy E, and note that the exchange-correlation energy
is just the sum of Ex and Eg. Chai: For e£PA use quantum Monte Carlo (QMC) for UEG.

Remark. This remark needs some clarification, and as of now I am not sure what it means.
Also, for more details on the quantum Monte Carlo method, refer to section (**).

Now we introduce a model for the external potential in the setting of LDA, using the
Jellium model. The jellium model, also known as the uniform electron gas (UEG) model, is a
quantum mechanical model of interacting electrons in a solid, where we approximate the positive
nuclei as being uniformly distributed in space (i.e. by “smearing out” the positive charges) and
assume the electrons behave like a uniform electron gas. Per the latter approximation, we have

p(r) = const. (76)

throughout all of space. Let R denote the position of the (smeared out) nuclei, then the external

potential operator is
A i / PR (77)
ext vV . |ri . R| .

Then the potential is

~

/dST/d3T2 /d3rN\IJ (r,rq,...,r5)VU(r,re,...,ry)
v

— /V 07 p(r) Vi (1) / & / PR

We write the background potential Vi, xgrouna @8 Van, and

1 /N\? 1
Vin = - (= BR[| BR ———,
NN 2(1/) /V / R—R/|’
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2
Ey = ! <E> /d?’r/d:”r’;.
2\V /) ) D r —r/|

The external potential V', background potential Vyy, and the Hartree energy EY, are related
via the following equation:

V + VNN + EH - 0
Finally, in the LDA approximation, the ground state energy E|, is

EO:TS+V+EH+EX+EC+VNN
=T, + Ex + Eg

Note that in the above formula, we set T, = Trp and Ey to EXPA. Notice that E, can be
obtained by the QMC method.

Due to the simplicity of this model, there are various caveats to using the LDA. Things
that do not work in LDA:

o Van der Waals interactions: nonlocal interactions due to mutual dynamical charge polar-
isation of the atoms not properly included in any existing approximations to Exc. This
is further detailed in the final section.

o Excited states: DFT is a ground state theory. To extend the theory to include excited
states, we may use time-dependent DFT or GW.

e Non Born-Oppenheimer processes. This includes non-radiative transitions between elec-
tronic states.

o Self-interaction problem: each electron lives in the field created by all electrons including
itself, and the self-interaction problem is the spurious interaction of the electron with its
own field. Recall that self-interaction exactly cancels out in Hartree-Fock, but in LDA it
does not. Solutions include SIC and hybrid DFT.

10.3 Generalised Gradient Approximation

Again refer to table (1), this is rung 2 on the ladder. Consider the following generalisation
of the LDA method:

LDA — GEA (Gradient Expansion Approximation). (78)
This gives
Fyo = FIRA + FH0%A, &

where EZX-CEA includes the terms p(r) and Vp(r).

Example 10.1 (Thomas-Fermi model with von Weizsacker correction). The von Weizsacker
kinetic energy functional is exact in the single-electron limit. The functional is given by equation

(51):
TV[p] = %/d:ar |V5((rr))| .

This is an example of an energy functional which not only depends on p(r), but also on its
first derivative. The complete Thomas-Fermi-von Weizsacker kinetic energy functional is the
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approximation given by

TTFsW — 7TF | 72nd-GEA

1
— TTF _TW
9 (80)
1 Vp(r)|”
_ 3r o(r)5/3) 4 L / ML
CF/ 7jIO(r) + 792 r p(r)

The GGA method works well for nearly uniform systems, i.e. systems with slowly varying
density. To quantify this idea, we need something that would quantitatively describe how "fast”
the density is changing. The desired quantity is the reduced density gradient:

sy = Pl (81)

Notice that the reduced density gradient S(r) is a dimensionless quantity. Using the reduce
density gradient, we can rephrase the statement ”slowly varying density” mathematically as

S(r) ~ 0. (82)

GEA improves upon LDA for nearly uniform systems in which equation ((82)) is satisfied.
However, GEA can be less accurate than LDA for atoms and molecules, where S(r) can be very
large (why?).

A careful analysis gives the following limits for the GGA method:
1. For small s, GGA approaches GEA. Representative: PBE (PRL 77, 3865 (1996)).

2. For large s, GGA can be very different. Representative: BLYP (B88 (PR A38, 3078
(1988)) x LYPC (PR B37, 785 (1988))).

10.4 Meta Generalised Gradient Approximation
Refer to table (1), this is rung 3 of the ladder. Consider the kinetic energy functional with

spin:
5= ) / d?d 7, (r), (83)

oe{a,B}

where 7_(r) is the o-spin kinetic energy density (KED), and we can write it as
N, o2
1) = Y00 (00000
=1

Sometimes 7, is called the type-one kinetic energy density, and denoted

This is the ”"canonical” formulation of the kinetic enegry density, and is natural (as Chai said)
in its derivation. Although the kinetic energy is well-defined and unique for any given system,
the corresponding kinetic energy density is not, for it is acceptable as long as its integral over
all space gives the correct kinetic energy functional.
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We can give a second formulation for the energy density, called the type-two kinetic
energy density:

1 Qe
) =2 [V, ()|
5 (T) 2i:ll ¢y ()] @)
=7i(r) + 1V2p(r).

4

Notice that by a version of the divergence theorem?, giving us

/d37° Vp(r) = /dng - (Vp(r))

Q Q
= ?g dSbvecn - Vp(r)
o
=0
both for isolated boundary conditions and periodic boundary conditions.

T: The version of the divergence theorem we are using states that

/dSTV-u(r) :/ dAn-u. (85)

Q o0

Then

/d3rV~(\I/*V\I/):/ dAn - (U*VV), (36)
Q o002

which goes to zero as we let Q — R3 if we assume ¥ — 0 faster than 1/y/r as r — oco.

Remark. Why do we need two formulations for the kinetic energy density functional? Because
even though both types integrate to the kinetic energy, which is nonnegative, only the type-two
KED is nonnegatvie locally at every point (as seen by its expression as a sum of squares). On
the other hand, type-one KED is more natural, even though it does not guarantee nonnegaivity
locally.

Remark. For a discussion of different kinetic energy densities, refer to the International Journal
of Quantum Chemistry IJQC 75, 889 (1999).

For N-electron systems, we have
7 (r) = 7V (r) (87)

e.g. see PR A38, 625 (1988). and IJQC 75, 889 (1999).) Call the ratio of the two densities
w,(r), then

w
UEG (p) — _ T, (¥)
TG (r) = 0 < w,(r) = %5

Tol(r)

<1.

Since for a one-electron system we know von Weizsacker formulation gives the exact solu-
tion, w,(r) — 1 in the one-electron region (e.g. in the asymptotic region (what?)).

Notable examples of the MGGA method are
1. TPSS (PRL 91, 146401 (2003).)
2. SCAN (PRL 115, 036402 (2015).)
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Remark. Taking functional derivatives of the MGGA energy density can be difficult, because
it include the Kohn-Sham kinetic energy term 7(r). For examples of dealing with functional
derivatives like MGGA MGGA

op(r) ' o¢;(r)

refer to e.g. JCP 138, 244108 (2013).

From a result due to Becke, IJQC 23, 1915 (1983), the exact exchange functional EX
involves

Vo (11, 1'2)‘2 = |7, (ry, I'1)|2 + @(7“21)2 - f (Pa(r1)a T5(r1), V2Pa(r1)) ) (88)

where v, (ry,1,) = p,(ry), f is some function, and the result holds for small r,,.

As mentioned in the comments after table (1), the above methods consisting rungs 1
to 3 are semilocal functionals, in the sense of equation (71). These functionals model the
exchange-correlation density functional semilocally, and they are computationally efficient, even
comparable to Hartree theory! Semilocal functionals capture the short-range (i.e. small r5)
part of the exchange-correlation hole (on average) reasonably well. However, it does not account
for the long-range part as accurately. Examples of long-range, nonlocal interactions include the
van der Waals interaction, which is discussed in section ** in detail.

Three qualitative errors of semilocal functionals are:
1. Self-Interaction Error (SIE)
2. Non-Covalent Interaction Error (NCE)
3. Static-Correlation Error (SCE)

Below we will discuss each of these in detail:

1. SIE (due to the lack of nonlocal exchange)

Example 10.2 (One-electron system). In this example, we shall consider the case for a
one-electron system. In one-electron systems the equation

1
EX — —EH — _5 /dSTl /d3T2 p(rl)p(rQ) (89)
T12
cannot be satisfied by any semilocal functional.

Notice that in this case
F=T4+U=T

2
=TS = TW — l/dSr |V3T(r)| .
8 p(r)

Then the exchange-correlation is

EXC:EX+EC:—EH+EC
=F-T5—FE"
:TS_TS_EH:_EH

So E€ = 0. Furthermore, we remakr that the Hartree energy functional is a fully nonlocal
functional, becauseit is given by

EY :/dsﬁ el(ry),
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where we see from equation (89) that

€H(I'1) — ,0(1'1) /d37’2 p(r2). (90)

2 T19
Then since eX(r;) = —e'(r;), we have
X _P(r1> /d3r2 p(ry)
2 Ty
and
h¥(ry,15) = —p(rs). (91)

In Hartree-Fock theory, the problem of self-energy blowing up is accounted for by a
symmetry in the expression of the HF energy. The ¢ = j terms in U correspond to self
energy, so in the Hartree-Fock energy expression (equation (17)) we get

N

Ear=Y_ {%[iz’\z’i] — %[ii]ii]} = 0. (92)

i—1
PZ81 SIC (PRB 23, 5048 (1981)) gives the self-interaction energy as
N
Eself = Z {EH[pz] + EXC [pza U]} : (93)
i=1
For the spin-polarised case this is

B = 303 {E" oy, + E¥lp, ). (94

2
, subject to the condition

The one-electron density if given by p; ,(r) = ’gbi’(,(r)

/ &Br py o (),

EX[pi,aa 0] = _EH[pi,a]’
Ec[pi,o7 U] = 0.

therefore

(95)

For exact exchange-correlation energy EXC, we have

XC _
Eself = 0.

For semilocal functionals, however, we in general have Efe(ff # 0. In this case, in order
to compensate for the self-interaction error, we define the self-interaction-free exchange-
correlation functional
[XC — XC XC
E** = B2 — B2 (96)
The pro of this definiton is that this is by construction self-interaction-free for a one-
electron system. The con is that it is difficult to find the corresponding potential using
equation (*), since it is in general difficult to evaluate
5 5 EXC
VXC(r) = :
dp(r)

This is the end of the one-electron system example.
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Now we can consider the general case. Asymmetric region:

Refer to PRB 31, 3231 (1985) and JCP 115, 4438 (2001). Recall the form of the Hartree
potential energy, where we use an approximation:

Thus we have Vyq ~ —%. For a neutral atom with Z = N, we have in the case r > 1

Z N 1 1
V) ==+ = =~ = ——.

A r
For general atoms in the region r > 1, PRA 16, 1782 (1977) tells us
p(r) ~ e 7. (97)

Finally, for LDA and most GGAs, we have
VXC n —qetr

in the 7 > 1 region. For example, the exchange energy in LDA is given by

VEPA(r) = S Cpti(r). (98)

Example 10.3 (Comparison between LDA and exact predictions). VJ;fDA is less attrac-

tive than the exact V g. Thus,

LDA exact
EHOMO -~ €HOMO"

For the hydrogen atom,
etionio ~ —0.26, e5a5t ) ~ —0.5,

in accordance with the claim above. As another example, in exact KS-DFT, the ionisation
energy [ is given by

I=Ey_; — Ey=—¢i8%0 (99)
where the last equality is due to PRB 18, 7165 (1978) and PRL 49, 1691 (1982).

2. NCE (due to the lack of long-range dynamical correlation):

It is helpful to note that here long-range dynamical correlation is the van der Waals force.
A few methods have been developed to acconut for this qualitative error:

(a) Van der Waals functional (PRL 92, 24640 (2004)): this is a fully nonlocal functional.
(Question: what does fully nonlocal mean precisely?)

(b) Dispersion correction (J Comput. Chem. 27, 1787 (2006)).
(¢) DoubleOhybrid (DH) (e.g. MP2 correction).
(d) Random phase approximation (RPA) (PRA 88, 030501 (2013)).

In the above list, the first two methods are the most widely adopted. Chai: The same
result may come from different physical considerations.

3. SCE (due to the near degeneracy of KS orbitals at the Fermi level) Occurs in rungs 1 to
4. The problem may only be lifted on rung 5.

Remark. Optimised potential method.
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10.5 Hybrid Exchange-Correlation Functional

A hybrid functional is obtained by mixing a fraction of Hartree-Fock exchange energy into
a semilocal functional. It was mentioned in JCP 98, 1372 (1993). For the last time, refer back
to table (1), this is rung 4 of the ladder.

The Hartree-Fock exact exchange functional is given by

@?=—é§;/&njﬁ%ﬁﬁmwwm(;—L—)@aa@@g

[y — 15
} (100)
=—5 > _liljil.
2%}
Using the adiabatic connection formula, we have
1
EXC[p] = / AAUXC, (101)
0
where R
UXC = (v, |V|¥,) - BM = Eget ~ EYF. (102)
Using the density functional approximation (DFA), we have
1
EXPAp] = / AAUREA, (103)
0

due to PRA 32, 2010 (1985) and JCP 83, 2334 (1985).
<‘I’,\:1 ‘ 4 ‘ ‘I’A:1> —E" = Ui(c1 U)%Bé\ 1

The approximation is because of the fact that the XC hole is deeper and thus more localised
at the reference electron at A = 1 than at A = 0. This remark is due to JCP 105, 9982 (1996)
and CPL 265, 115 (1997). The exchange-correlation functional is then

1
Exclp] = 5 {U3X5, + U35

1
~ 5 {EXT + BTl + 2B o]} (104)

1 1
= §E§F + §E>]2FA[P] + Eg™p],

which fits the description of a hybrid functional.

In general, we have
Exc = agBY" + (1 —ag) ER™ + EQ™, (105)

where 0 < ay < 1. Then we can write

V2
{7+%0—%2K } X) = £64(x), (106)

where

SE"[p]
ép(r)

GER™[p] | 0EZ™ (o]

loc r) = r
Vo (r) = V(r) + Sp(r) | op(r)

(107)

+ (1 —ay)
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and we say equation (106) is the generalised Kohn-Sham equation.

Here, again,
N
=> > loix)l*
=1 o

If ay can reach 1, then asymptotics will be correct. Here we review a few related compu-
tation models.

« B3PV91 (JCP 98, 5648 (1993)): The exchange-correlation is given by
EXC — ELDA + ag (E)P(IF _ E}IEDA) + G,XAE)]%88 + GCAE8W917

where
BSS _ 17B88 LDA PW91l _ pPWOI1 LDA
AEL® = Eg™ — Ex?, AEC =E; — B,

and the parameters are ay = 0.2,ax = 0.72, ac = 0.81.

« B3LYP (JPC 98, 11623 (1994)): The XC functional is the same as that of B3PV91, but
with nggl replaced with EéYP.

« PBEO (JCP 110, 6158 (1999)): Note the relation
PBE | PBE — PBEl — PBEO.
The XC functional is given by
Exc = agBY" + (1 — ag) EXPF + EEPP.

In the paper JCP 105, 9982 (1996), the value a; = i was derived using a perturbation
theory argument (by whom? Probably Purdue).

Remark. From Chai: ”so the conclusion is that B3LYP does not have B as an author, while
PBEO does not have Purdue as an author. (repeats) (repeats)”

Next we will discuss Double-hybrid (DH) functionals. These are functionals obtained by
mixing a fraction of Hartree-Fock exchange functional and a fraction of MP2 correlation into a
semilocal functional. In the context of Goérling-Levy (GL) perturbation theory (), we have

EQo ~ BEgact 4 2EGM2) (108)
in the A — 0 limit, and

EGL2 EMP2 + AEHF
~ E)P2

for most cases. The MP2 correlation energy in the above formula is given by

b)|
EMP? — ZZ 27 |] ab)l (109)
€;t€;—€q —gy

1<j a<b i

where

(ij || ab) = [ialjb] — [jalib].
In general, a Double-Hybrid functional is given by

ERe = axEX" + (1 —ax) ER™ + (1 — ag) Eg™ + ac B¢ (110)
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In the above equation, the term ENMT? is evaluated by the generalised Kohn-Sham (GKS)

orbitals ** by the first three terms and added to toal energy. Notice that if ay = an = 1, then

ERH = B 4 M2

The corresponding Kohn-Sham equation to be solved in order to obtain orbitals is

V2 -
{_7 V) —ax ) Kj<x>} 61(x) = £,64(x),

where £, < e, < -+, and the local effective potential is

SER™A
dp(r)

5EDFA
1—ap)—S—.
+ ( aC) 510(1_)

Viee(r) = V(r) + Vi(r) + (1 — ay)

Chai: The computation cost of hybrid XC methods is about the same as that of the
Hartree-Fock method.

11 Van der Waals Interaction

This section is a detour into the van der Waals interaction, which is the main topic of my
final report. In the paper by Dion et al., they have demonstrated that it is possible to deal
with van der Waals interaction for arbitrary geometries in the framework of DFT.

Example 11.1 (Basic theory of van der Waals interaction). In 1930, London derived a general
formula for the van der Waals interaction, which we now call the London dispersion force.
Given two particles with first ionisation energies I, and I, polarisability volumes o, and o/,
and intermolecular distance R, the dispersion energy is

~ 3 1,7 o,
Edlsp ~ 2 AtB A B' 111
AB ¥ Ty (IA-i—IB RS (1)

The main goal of the paper is to construct an explicit nonlocal correlation functional of
the form

EMp] = /dgr’/dgrp(r)¢(r,r’)p(r’), (112)
where ¢(r,r’) = ¢(|r —r’|). It will be shown that their functional is applicable to general

geometries. This construction is important because

By a choice of suitable variables with respect of which the energy functional is expanded,
we arrive at the result

(1) = 27 é da.a? /0 dbb2W (0, )T (v(a), v(b), v/ (a), ' (b)), (113)
where s z)—l[ 1 N 1 } { 1 N 1
2= w+z y+z] [(wty)e+2) (w4 2)(y+ )
and

Wi(a,b) =2[(3—a*)bcosbsina + (3 —b*)acosasinb
+(a® 4+ b* — 3) sinasinb — 3abcos a cos b] /a’b.
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Here the quantites v and v’ are given respectively by

y* N
v(y) = ma V' (y) = W’

where d = |r —1r"|gy(r), d’ = |r — r’|qy(r"), and ¢, is given by

0 (p LDA (. n\ 2
0(r) = Z5 k) [j{&ﬁi () ] b (r).

Notice that the kernel ¢(r,r") depends on r and r” only through d and d’, so ¢ can be
tabulated in advance. For large separation d and d’, we have the familiar (?) asymptotic form

C

¢~ _d2d’2(d2 Yd?)

12 Papers

List of interesting papers from professor Chai and part of a list of possible choices for the
final report:

o Perdew, J. P.; Burke, Kieron; Ernzerhof, Matthias (1996). Generalised gradient approx-
imation made simple

o Reining, Lucia et al. (2002). Excitonic effects in solids described by time-dependent
density-functional theory

« Dion, M. et al. (2004). Van der Waals density functional for general geometries
« Tsuneda, Takao et al. (2010). On Koopmans’ theorem in density functional theory

« Cohen, Aron J.; Mori-Sanchez, Paula; Yang, Weitao (2008). Insights into current limita-
tions of density functional theory

« Chai, Jeng-Da (2012). Density functional theory with fractional orbital occupations

» Brockherde, Felix et al. (2017). Bypassing the Kohn-Sham equations with machine
learning

» Bosko, Ivan P.; Staroverov, Viktor N. (2023). Exchange energies and density functionals
for systems of fermions of arbitrary spin

o Wang, Lin-Wang (1992). Kinetic-energy functional of the electron density
« Witt, William C. (2017). Orbital-free density functional theory for materials research

e Yeh, Chia-Nan; Lee, Pei-Yin; Chai, Jeng-Da (2016). Electronic and optical properties of
the narrowest armchair graphene nanoribbons studied by density functional methods

Final report subject and related papers:
o Dion, M. et al. (2004). Van der Waals density functional for general geometries
o Rydberg, H. et al. (2003). Van der Waals density functional for layered structures
o Langreth, D. C. et al. (2004). Van der Waals density functional theory with application
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13 Other References

« Szabo, Attila; Ostlund, N. S. (1996). Modern Quantum Chemistry Introduction to Ad-
vanced FElectronic Structure Theory

o Pathria, R. K.; Beale, Paul D. (2011). Statistical Mechanics 3e

o Baer, Roi Density functional theory
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Figure 1: Iterative scheme of the Hartree-Fock method.
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