Math 2213 Introduction to Analysis I

Homework 12 Due December 12 (Friday), 2025
Y= & & H B12202004
December 11, 2025
Exercise 1 (Exercise 5.4.1, 20 points). Show that if f : R — C is both compactly supported

and Z-periodic, then it is identically zero. Hint: A function f : R — C is said to be compactly
supported if the set

supp(f) :={z € R: f(z) #0}

is a compact subset of R. Equivalently, f is compactly supported if there exists a bounded closed
interval [a, b] C R such that
f(x) =0  whenever x ¢ [a,b].

Solution 1.

Exercise 2 (Exercise 5.5.1, 20 points). Let f be a function in C(R/Z;C), and define the
trigonometric Fourier coefficients a,,, b, for n =0,1,2,... by

ap, = 2/01 f(z) cos(2mnz) dx, by, == 2/01 f(z)sin(2mnx) dz.

(a) Show that the series
1 Nt _
500 + g (an cos(2mnx) + by sin(2mna))

n=1
converges to f in the L2-metric.

(b) Show that if >, |a,| and Y, |b,| are absolutely convergent, then the above series actu-
ally converges uniformly to f (and not just in L?).

Solution 2.

(a) By the Fourier Theorem (Theorem 5.5.1), for any f € C (R/Z,C), we have

N
Iégnoo f- Z f(n)en|| =0.
n=—N 2
That is, the Fourier series Fiy = Zg:_N f(n)en converges to f in the L?>-metric. We have
e, = 2™ — cos 2mne + isin 2.
N R N R
Fy =Y fmen=F0)+Y (Fn)en + f(-n)e_n)
n=—N n=1
= f f

—

n=

N

(0) + Z <f(n)(cos 2mnx + isin 2mnx) + f(—n)(cos 2rnx — isin 27rmc))
A N A
FO)+ > ((Fm)

n=

+ f(=n)) cos 2mnx +i(f(n) — f(—n))sin 27m:r) .

—



Finally note that the given series is exactly Fiy:
f(n) + f(—n) = / dz f(l‘) (eQﬂinw + 6—271-7195)
[0,1]

:2/ dz f(z)cos2mnz = ap, n>2,
[0.1]

ao

f(0) = [0,1] dz f(x) = o5
i(f(n) - f(-n)) =i o dz f(z) (€27ne — ¢=2mne)

=2 dz f(x)sin2mnz =b,, n>1.
[0,1]

(b) Theorem 5.5.3 states that for f € C(R/Z,C), if Y7 |f(n)| < oo, then the Fourier series
converges uniformly to f. IL.e.

lim
N—o0

N A
F=>Y fne
n=—N

o0

Suppose (a,,) and (b,) converge absolutely, then

Sp= laxl, Tu=> |bl, n=12,...
k=1 k=1

N N

Y lfml= )

n=—N n=—N

N
dz f(a)e ™) < Y /[ ]dxlf(x)lle’Q’Ti"””l=(2N+1)||f||oo<oo.
=N/

(0,1]

N N

X 1 menl = 170N+ 3 (1 + (- ) = 2ol zij('Q iy

Exercise 3 (Exercise 5.5.2, 20 points). Let f(x) be the function defined by f(z) = (1 — 2z)?
when z € [0, 1], and extended to be Z—periodic on R.

(a) Using Exercise 5.5.1, show that the series
1 — 4
3 + Z 2 cos(2mnx)

n=1

converges uniformly to f. Hint: You may use the fact that

2min

! ; 1
/ re TN gy — (n #£0),
0

1
. 1 2
2 —2minx
d = —— .
/0 ve o 2min + (27n)2’ (n#0)

(b) Conclude that

=1
S5



(¢) Conclude that

o0

1 T
2 i oy

Hint: expand the cosines in terms of exponentials and use Plancherel’s theorem.

Solution 3.
(a) Following Exercise 5.5.1, we compute the Fourier coefficients of f. For n > 1, we have

1 . 1 1

—omi 1 . .

/ dpge 2mine — _—_ — / dz x cos2mnx — 2/ dx z sin 2mnx,
0 2mn 0 0

! 1
dI x2672ﬂ'znm _ _
0 27T2n2 27T1’L

1 1
= / dz 22 cos 2mnx — i / dz 2 sin 27n.
0 0

Then,
1
ap, = 2/ (1 — 2x)% cos(2mna) da
0
1
= 2/ (1 — 4z + 42?) cos(2mnz) dz
0
1 4
= 80)+8(——)=—=, n>2,
m2n ™
1
a0:2/ (1 —2x)*dx =
0
1
by = 2/ (1 — 2x)%sin(27na) d
0
1
= 2/ (1 — 4z + 42%) sin(2mnz) dz
0
=0 S(L)+8(O)—O >1
o 2mn Y n=t
Hence, the Fourier series of f is
- —|— Z 5 cos(2mn).

Since >_°°

el ’ﬂ Epy ’ converges, by Exercise 5.5.1(b), the series converges uniformly to f.

(b) Plugging in 2 = 0 gives

1 < 4 =1 72
= 1 = — —_— _— = —,
1(0) 3 + nz::l m2n? — nz::l n? 6

(¢) We can write

1 s )
= + Z cos (2mnx) =3 Z p2mine e—2‘n’znm)7
and so the complex Fourier coefficients are
~ 1 . 2
f(0)=§7 f(n)zﬂan, n>1



By Plancherel’s theorem, we have

8 w1

n=—oo

On the other hand, we have

/dm (1—2x)* /da: (1 — 8z + 2422 — 322 + 162%) =

Hence,
11 =1 =1 7
—_— - J— _— = _— = —
5 + 4 nz::l n4 ; n 90

Exercise 4 (Exercise 5.5.3, 20 points). If f € C(R/Z;C) and P is a trigonometric polynomial,
show that

f# P(n) = f(n) e, = f(n) P(n)

for all integers n, where ¢, are the Fourier coefficients of P. More generally, if f,g € C(R/Z;C),
show that

— ~

f*g(n)= f(n)g(n) forallneZ.
Solution 4.

Exercise 5 (Exercise 5.5.4, 20 points). Let f € C(R/Z;C) be differentiable, and assume its
derivative f’ is also continuous. Show that

Yo Infm)P

n=—oo

and that the Fourier coefficients of f’ satisfy

?(n) = 27in f(n) for all n € Z.

Solution 5.



You can do the following problems to practice.
You don’t have to submit the following problems.

Exercise 6 (Exercise 5.5.5, Optional). Let f,g € C(R/Z;C). Prove the Parseval identity

1 7 R -
R [ f@ide =R Y Fn) g

neZ

Hint: apply the Plancherel theorem to f + g and f — g, and subtract the two. Then conclude that
the real parts can be removed, i.e.

1 - ~ PR
/0 f@)g@) dz = 3 f(n) 5.

neEZ

Hint: apply the first identity with f replaced by if.
Solution 6.

Exercise 7 (Exercise 5.5.6, Optional). In this exercise we develop Fourier series for functions
of an arbitrary period L > 0. Let L > 0 and let f : R — C be a continuous L-periodic function.
For each integer n define

I :
Cp = —/ f(z) e 2mine/L g,
L Jo
(a) Show that the series

oo
E Cn eQﬂ'znx/L

n=—oo

converges to f in L?-metric. More precisely, prove that

N—o0

L N , 2
lim / 'f(x) - Z cn €T/ L g = 0.
0 n=—N

Hint: apply the Fourier theorem to the function f(Lx).

(b) If the series Y o2 ey, is absolutely convergent, show that

0o
2 Cn e?ﬂ'znr/L

n=—oo
converges uniformly to f.

(¢) Show that

oo

L
G DT

n=—oo

Hint: apply the Plancherel theorem to the function f(Lx).

Solution 7.



