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Definition 1 (isometry). A diffeomorphism ¢ : S — S is an isometry if for all p € S and all
pairs wy,we € T,(S) we have

(w1, w2)p = (dpp(w1), dpy(w2)) e (p)-

The surfaces S and S are then said to be isometric.

Remark. An isometry is a diffeomorphism that preserves the first fundamental form.

Proposition 1 (DoﬁCarmo Proposition 4.2.9. Assume the existence of parametrizations x :
U—SandX:U — Ssuchthat E=F, F=F,G=G inU. Then Xox~! :x(U) — S is a local
isometry.

Exercise 1 (Do Carmo 4.2.5). Let aj : I — R? ay : I — R3? be regular parametrized curves,
where the parameter is the arc length. Assume that the curvatures k; of a; and ko of ay satisfy

k1(s) = ka(s) #0, sel.

Let
x1(s,v) = a1(s) + vai(s), x2(8,v) = as(s) + vas(s)

be their (regular) tangent surfaces (cf. Example 5, Sec. 2-3) and let V' be a neighborhood of (s, vg)
such that x1 (V) C R?, x5(V) C R? are regular surfaces (cf. Prop. 2, Sec. 2-3). Prove that

x1 0%, xo(V) — x1(V)

is an isometry.

Solution 1. To show that x; o x5 1'is an isometry, we need to show that it is a diffeomorphism
and preserves the first fundamental form. From Example 2.3.5, the tangent surface of a regular
curve « is a regular surface, since for all (t,v) CU = {(t,v) € I x R | v # 0}, we have

"(s) A Ox 0% 9 ,
k(s):W#O = %/\%zva (s) Na/(s) # 0.

Thus, both x; and x5 are regular parametrizations, and hence homeomorphisms on a small neigh-
borhood V' C R3. Since x is differentiable and dx; has full rank, x; ! is differentiable for i = 1,2
by the Inverse Function Theorem. Therefore, x; o x5 ! is a diffeomorphism. In the Frenet frames
of a;, 1 = 1,2, we have x;(s,v) = a;(s) + va/(s), and

X;s = a/(s) +va(s) = Ti(s) + vki(s)Ni(s), x;, =d'(s) =Ti(s).
The first fundamental form coefficients are computed to be
E,’ = (xm,xi,s) =1 +U2k,t-2(3), F,' = (xi,s,xi,,) = 17 Gi = <Xi,vaxi,v> =1.

Since k1(s) = ko(s) for all s € I, we have Ey = Es, F; = F», Gy = G2. By Proposition 4.2.1,
x; 0%, ' is a local isometry. Since x; 0 x; ' is also a diffeomorphism, x; o x; ' is an isometry.



Exercise 2 (Do Carmo 4.2.6%). Let o : I — R? be a regular parametrized curve with k(t) # 0,
t € I. Let x(t,v) be its tangent surface. Prove that, for each (¢g,v9) € I x (R — {0}), there exists
a neighborhood V' of (tg,vg) such that x(V') is isometric to an open set of the plane (thus, tangent
surfaces are locally isometric to planes).

Solution 2. We will construct the desired local isometry. Fir reparametrize by arc length to
get a(s), and define x(s,v) = a(s) + va/(s). Let k(s) be the curvature of «(s). As in a previous
exercise, let

0(s) = /S duk(u), soel

S0

be the angle function, and define a plane curve 3(s) by

B(s) = (/ du cos B(u), / du sine(u),o> ,

B'(s) = (cosO(s),sinf(s),0) = |B'(s)| =1,
B"(s) = 6'(s) (—sinf(s),cos0(s),0) = k(s) (—sinf(s),cosb(s),0).
Then, the curvature of 3(s) is exactly k(s), and hence §(s) is a unit-speed curve with the same

curvature as «. Since both 8 and §’ lie in the plane z = 0, the image of the tangent surface
X(s,v) = B(s) +v5'(s) is an open subset of the zy-plane. For x and X, we have

xs =T(s) +vk(s)N(s), x,=T(s),

Xs = T(s) +vk(s)N(s), X, =T(s),

where T, N, T, N are the tangent vector and normal vector of x and X, respectively. The first
fundamental form coefficients of x and X are, respectively,

E=14+v%k%(s), F=1, G=1,

E=1+v%%s), F=1, G=1.

Since the coefficients agree, by Proposition 4.2.1, the map X o x~! is a local isometry from x(V)

to an open set of the plane for some neighborhood V' of (sg,vg). Therefore, the tangent surface is
locally isometric to an open set of the plane.

Exercise 3 (Do Carmo 4.2.7). Let V and W be n-dimensional vector spaces with inner products
denoted by (, ) and let F : V — W be a linear map. Prove that the following conditions are
equivalent:

a. (F(v1),F(v2)) = (v1,v9) for all v1,vy € V.
b. |F(v)| = |v]| for all v € V.

c. If {v1,...,v,} is an orthonormal basis in V, then {F(v1),..., F(v,)} is an orthonormal basis
in W.
d. There exists an orthonormal basis {vy,...,v,} in V such that {F(v1),...,F(v,)} is an or-

thonormal basis in W.

If any of these conditions is satisfied, F is called a linear isometry of V into W. (When W =V a
linear isometry is often called an orthogonal transformation.)

Solution 3.

e a. = b. Suppose (F(v1), F(v2)) = (v1,ve) for all v1,v5 € V. Then for all v € V,




e b. = c. Suppose |F(v)| = |v| for all v € V. Let {v1,...,v,} be an orthonormal basis of V.

Then, for all 4,5 = 1,...,n, since the inner product is induced by a norm |- |, we have
1
(F(vi), F(vy)) = 5 (IF(vs) + Fup)? = [F(vi)]? = |F(v))[?)
1
=5 (v 0% = Juil? = Jv;[*) = (vi, v5) = 845

Thus, {F(v1),...,F(v,)} is an orthonormal set in W. Since F is linear, {F(v1),..., F(v,)}
spans Im(F'). Since dim(Im(F')) < n, we have dim(Im(F")) = n, and hence {F(vy), ..., F(v,)}
is an orthonormal basis of W.

e c. —> d. Since V is finite-dimensional, just pick any orthonormal basis of V.

e d. = a. Suppose there exists an orthonormal basis {v1, ..., v, } of V such that {F(v1), ..., F(v,)}
is an orthonormal basis of W. For all vy,v9 € V, we can write

n n
v = E a;v;, vy = E bjv;,
i=1 =1

where a;,b; € R. Then,

<F(U1)>F(U2)> = F( ai'Ui) , F ijvj

i=

I
“:
R
=
s
(]
k70“
A
S

i=1 =1
= aib; (F(vi), F'(v;))
=1 j=1
= ZZalb](Z] = Zaibi = Zazvz,ijvj = (v1,v9).
i=1 j=1 i=1 i=1 Jj=1

Exercise 4 (Do Carmo 4.2.8%). Let G : R* — R?® be a map such that
G(p) = G(@)| = [p—q| forall p,g R’

(that is, G is a distance-preserving map). Prove that there exists pp € R and a linear isometry
(cf. Exercise 7) F of the vector space R? such that

G(p) = F(p) +po for all p € R3.

Solution 4. Let py = G(0), and let F(p) = G(p) — po. Then, for all p,q € R, we have
[F(p) = F(g)| = |G(p) = G(@)| = [p —al, F(0) =G(0) —po = 0.

Hence F is a distance-preserving map that fixes the origin. Let {e1, ez, e3} be the standard basis
of R3, and v; = F(e;) for i = 1,2,3. Since F is distance-preserving, we have

vi* = [F(ei) = F(O)? = le; =0 = 1, |v; — vy = |F(e&;) — F(e;)]* = |es — e5° = 2,
squaring both sides gives

(vi,v;) = 0 for i #j == {v1,vs,v3} is an orthonormal basis for R



Let L : R® — R3 be defined by L(e;) = v; for i = 1,2,3. Then L is linear by construction, and
L(e;) =v; = F(e;), i =1,2,3. For any p € R3, since L(0) = 0, by the distance-preserving property
of F, we have |F(p)| = |p| = |L(p)|. Then, for all i =1,2,3, we have

|F(p) — F(ei)| = |p —eil = |L(p) — L(ei)| .

Squaring both sides, then using |F(p)| = |L(p)| and F(e;) = L(e;), we have (F(p)—L(p), F(e;)) = 0.
Hence, F = L, and F is linear. By Exercise 4.3.7, F' is a linear isometry. Therefore, there exists a
linear isometry F such that G(p) = F(p) + po for all p € R3.

Exercise 5 (Do Carmo 4.2.9). Let Sy, So, and S3 be regular surfaces. Prove that

a. If ¢ : S; — Sy is an isometry, then ¢!

: So — 57 is also an isometry.
b. If p: 51 — S5, ¥ : Sy — S3 are isometries, then 1 o ¢ : S; — S3 is an isometry.

This implies that the isometries of a regular surface S constitute in a natural way a group, called
the group of isometries of S.

Solution 5.

a. Since ¢ is an isometry, for all p € Sq and all pairs wq,ws € T,(S1) we have

(w1, wa)p = (dep(wr), d@p(w2)>w(zﬂ)'

Let ¢ = ¢(p) € So and uy,us € Ty(S2). Since ¢ is a diffeomorphism, dy is injective. Since
the differential dy is a linear transformation between finite-dimensional spaces, it is also
surjective. Thus, there exist wq,wq € T,(S1) such that de,(w;) = u; for ¢ = 1,2. Thus,

<d¢;1(u1)adsﬂ;l(uz)>q = (w1, wa)p = <u17u2><p(p).

1

Therefore, ¢~ is an isometry.

b. Suppose ¢ : S1 — Sy and ¢ : So — S5 are isometries. Since diffeomorphism between regular
surfaces is an equivalence relation (by previous exercise), 1 o ¢ is a diffeomorphism. For all
p € 51 and all pairs wq, wy € T,(S1), we have

(w1, w2)p = (dpp(w1), dpp(w2)) o(p)
= {9y (p) (deop(w1)), Ay () (depp (W2))) (o))
= (d(¢p o @)p(w1),d(y o ‘P)p(w2)>(wosa)(p)’

where the chain rule is used in the last equality. Therefore, 1) o ¢ is an isometry.

Remark. Since function composition is associative and the identity map id : S; — S is an isometry,
by a. and b., the set of isometries on S forms a group.



