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Exercise 1 (Section 1.5, 15). Let S = {uy,ug,...,u,} be a finite set of vectors. Prove that S is
linearly dependent if and only if u; = 0 or ugy1 € span({uy,us, ..., ug}) for some k (1 < k < n).

Solution 1. We prove the two directions of the iff condition.

( = ): Suppose S is linearly dependent, then there exists some (ay,...,a,) € F™ not all
zero such that
aiuy + - -+ apu, = 0.

The sequence (a1, ag, . . ., ay) has non-zero terms. We call the non-zero coefficient with largest
index a;, where [ satisfies 1 <[ < n. Consider the two cases:
1.1=1 aqu1 +0+---+0=0,a; # 0. Then it must be true that u; = 0.

2. 1 <l < n: We can write
aruy + - ap—1up—1 + apug =0,

a a aj—
u = — (1> Uy — (2) Ug — " — (1) Ur—1 Espan({ulw'wul*l})'
a a] ap

Let [ = k4 1 to get the desired result.

Then

(<= ): The case u; = 0 is trivial, since the n-tuple (a1,0,...,0) € F™ a; # 0 works.

Consider the case ug4+1 € span ({u1,...,ur}): we can write ug4q in the {uq,...,ux} basis as
U1 = brug + - - - brug.
Then we can write the non-trivial linear combination
(=b1)ug + (=ba)ug + -+« + (—bg)ug + ugr1 + 0 ugyo + - +0-u, =0,
so S is linearly dependent.

Exercise 2 (Section 1.5, 16). Prove that a set S of vectors is linearly independent if and only if
each finite subset of S is linearly independent.

Solution 2. We prove the two directions of the iff condition.

( = ): Suppose by way of contradiction that S is linearly independent and there exists a
finite subset, say W, of S with dimension n that is linearly dependent. Then there is some tuple
(a1,...,a,) € F™ not all zero that satisfies

awy + -+ apw, =0, wy, ..., w, € W.
Then there is the nontrivial representation of 0 € S using wq,...,w, :

ai1wy + aswg + -+ - + apw, = 0.



Thus the contradiction.

(<=): This is trivial if S is finite, since S is its own finite subset. So assume S is an infinite
set. From the definition of linear dependence, an infinite set of vectors is linearly dependent if it
contains a subset that is linearly dependent. So, by negation, an infinite set of vectors is linearly
independent if every (finite) subset is linearly independent. Therefore, this direction is also trivial
for the infinite case.

Remark. The ( =) direction can be trivially shown by invoking theorem 1.6: If V is a vector
space, S1 C So C V its subsets, and S5 is linearly independent, then S is linearly independent.

Exercise 3 (Section 1.6, 13). The set of solutions to the system of linear equations

931—21‘2+1‘3:0
201 —3x9 + 23 =0

is a subspace of R3. Find a basis for this subspace.

Solution 3. Simplifying the equation gives

£ZJ1*ZL'3:0

Tr1 — To = 0
So x1 = x2 = x3. A spanning set for this subspace is

B={[1]},
1

such that span(B) C R3. This is a basis since a non-zero singleton is linearly independent.

Exercise 4 (Section 1.6, 14). Find bases for the following subspaces of F*®:
Wi = {(a1,a2,a3,a4,0a5) € F?: a1 —az —aq = 0}

and
Wy = {(al,ag,ag,a4,a5) S F? . as = a3 = a4 and a1 + a5 = 0}

What are the dimensions of W and W57

Solution 4.
1. Substitute in the relation to get
W1 = {(az + a4, a2, a3, as, a5) € F°}.
Notice that
(ag + a4, az,as,a4,a5) = a2(0,1,0,0,0) + a3(1,0,1,0,0) 4+ a4(1,0,0,1,0) + (0,0,0,0,1).

Write
B: ={(0,1,0,0,0),(1,0,1,0,0),(1,0,0,1,0),(0,0,0,0,1)},

checking the vectors for linear independence shows that B is indeed linearly independent, so
B is a basis for W7, and



2.

Substitute in the relation to get
W2 = {(al, 0, 0,07 —al) € F5}
Notice that
(alv 07 Oa O» —(11) = a1(17 07 Oa Oa _1) +aq - (Oa 1; ]-, ]-7 0)

Write
B, ={(1,0,0,0,-1),(0,1,1,1,0)},

checking the vectors for linear independence shows that B is indeed linearly independent, so
B is a basis for W5, and

Exercise 5 (Section 1.6, 20). Let V' be a vector space having dimension 7, and let .S be a subset
of V that generates V.

(a)

(b)

Prove that there is a subset of S that is a basis for V. (Be careful not to assume that S is
finite.)

Prove that S contains at least n vectors.

Solution 5.

(a)

To prove that there exists B C S such that B is a basis for V, first take a basis B’ C V:
B ={B1,...,Bu}.

Then for oy; € F, s € 5,1 <1 <n,1<j<n;, we can write the b;’s as

b1 = a11811 + - - + Q1p, Sing s

bn:an1+"'+annn~

This implies span B’ C span ({s;;}) C V. But span B’ =V, so span ({s;;}) = V.

The set {s;;} is finite, so we can use theorem 1.10 (Steinitz exchange lemma / replacement
theorem) to extract a basis from {s;;}. Call it B, and B C S by construction.

Suppose S C V has m < n elements and spans V, then we can choose the subset S C S that

is linearly independent, so that span(S) = span(S) = dim(V).
Then S is a basis for V, which is impossible since S| < |S| =m < dim(V). Thus, |S| > n.

Remark. An algorithmic procedure to "extract” basis vectors from S may not work when S is
infinite, since the procedure of searching through every vector in S cannot terminate in finite time.

Exercise 6 (Section 1.6, 22). Let W; and W5 be subspaces of a finite-dimensional vector space
V. Determine necessary and sufficient conditions on W and W so that dim(W; N W3) = dim Wj.

Solution 6. Claim:

dim (W1 n Wz) = dlm(Wl) — Wi C Wh.

(= ): notice that W3 N Wy C W7 is a subspace of W1, since it is a subset, and

1.

2.

Both W7 and W5 are subspaces, so they contain the zero vector. Therefore their intersection
contains 0.

u,v € WiNWy = u+v e W;NWs, since Wi and Wy are subspaces.



B.ueWinNWy = cu € Wy NWsVe € F, again since W7 and W5 are subspaces.

Lemma 1. If a subspace has the same dimension as the vector space, then they are equal.

Proof. Assume W C V is a subspace of V' with basis 5 , where dim V' = n. Let the dimension of
W also be n. Then for some vector u € V, either u € span(W) or is not. If not, then the set {5, u}
is a basis with n 4+ 1 elements, which is a contradiction. O
By our lemma, dim(W; N Ws) = dim(W;) implies Wy N Wy = W;. Thus, Wy C Wha.
( < )2 Wi CWy = WinWy =W, = dim(W1 N Wg) = dlm(Wl)

Exercise 7 (Section 1.6, 29).  (a) Prove that if W and W5 are finite-dimensional subspaces of
a vector space V, then the subspace Wy + W5 is finite-dimensional, and

d1m(W1 + WQ) =dim W7 + dim Wy — d1m(W1 N Wg)

Hint: Start with a basis {u1,us, ..., ux} for W3 N Wy and extend this set to a basis
{u1,ug,...,uk,v1,v2,...,0,} for Wi and to a basis {u1,us, ..., ug, w1, ws,...,w,} for Wa.

(b) Let W and Ws be finite-dimensional subspaces of a vector space V', and let V = Wy 4+ Ws.
Deduce that V is the direct sum of W7 and W5 if and only if dim V' = dim W7 + dim W5.

Solution 7.

(a) Let 8 = {uq,...,ux} be a basis for Wi N Ws. Since W1 N Wy is a subset of Wy and Wy, we
can extend S to form bases for W7 and Wa:

dim(W;) = m, so let 81 = B U {vk41,...,0m} be a basis for Wy. Similarly, dim(W2) = n, so
let B2 = B U {wgt1,--.,w,} be a basis for W.

The B part is identical for the bases of W7 and W5, so we can construct the following spanning
set of Wy + Wa: v = {uy, ..., Uk, Vkt1,- -+, Um, Wkt1,-..,Ws}. Now we only have to show
that v is linearly independent.

This can be shown as follows: {c1,...,Ch, ki1, - - Qm,Dps1s ..., bnt € FEFM=RI+H0=k) ig 5
set of scalars, consider the linear combination

Ak41Vk4+1 + ** + AU + b1 Wi + - - - bpwy, + crug + -+ - cpu = 0.
This can also be written as
Af41Vk+1 + -+ AmUm = —bpp1Wry1 — - - - bpwy, — crur — -+ - cpug,

SO Gp41Vk+1 + *** + QVm € Wa. But the LHS is in W7, so it must be that agy1vgr1 + -+
AmUm € Wo € W1 N Wa.

Then we can write
Oft1Vk41 + -+ QU = diug + - - + diug

for some {d;,...,dg} € F*k. By the linear independence of W7, we have ax11 = -+ = a,, = 0.
Going back to the original equation, we are now left with

brr1Wkt1 + - bpwy + cruy + -+ - cpup =0,

and by linear independence of Wy we have by1q1 = --- =b, = ¢ = -+ = ¢, = 0, thus v is
linearly independent. Now we can safely write

dim(W1 + Wz) =n+m-—k= dlm(Wl) + dlm(Wg) — dim (W1 N Wg) ,

and dim(W; + Wh) is therefore finite.



(b) We prove the two directions:

(= ): Suppose V = W; @ Wa, then by definition V' = W; + Wy and Wy N Wy = &. Then
from (a) we have

dim (W1 + Wg) = dlm(Wl) + dlm(WQ) +0= dlm(Wl) + dlm(Wg)

( < ): By (a), we have dim (W3 NW5) = 0. So W7 N W,y = @&, which, along with the
assumption V = Wy + Wy, implies W = W, & Wh.

Exercise 8 (Section 1.6, 31). Let W and W5 be subspaces of a vector space V having dimensions
m and n, respectively, where m > n.

(a) Prove that dim(WW; N Ws) <n.
(b) Prove that dim(W; + W) < m + n.

Solution 8. The solution uses result from Ex. 7 (a).
(a) Suppose dim (W3 N W) = p > n, then there is a basis 8 = {u,...,u,} for Wy N Wa.

Since Wy N Wy is a subset of Wy, this implies there is a linearly independent set of p > n
elements in Wy, contradicting the fact that dim (W;) = n. Thus, dim (W, N Ws) < n.

(b) From Ex. 7 (a) we have the result
dim (W7 4+ Wy) = dim (W7) + dim (W) — dim (W1 N Wa) =m+n — a,

for some « > 0, so dim (Wy + Wa) < m + n.

(There are extra exercises in the next page.)



Extra Exercises
You don’t have to hand in extra exercises, and solving them will NOT affect your grade.

Exercise 9. Suppose that V is a finite-dimensional vector space and U is a subspace of V. Show
that there exists a subspace W of V such that V =U & W.
In this case, we call W a complementary subspace of U in V.

Solution 9. This exercise shows the existence of a complementary subspace.

If U is a subspace in V', then the basis of U, which we call By is in V. Following the method
in solution 7 (a), we extend By to a basis for V, By, by adding in linearly independent vectors.

Since the vectors in By are linearly independent, we have
span (Bu \By) Nspan (By) = {0}.

This is true because any vector v € V can be represented by a linear combination of {u1, ..., um, w1,
where uy,...,uy € U and wy, ..., wy—m € VAU .

Let W = span (By\By ), then we have V = U @ W, as desired.

Exercise 10. Let RT be the set of all positive real numbers. One can verify that R is a vector
space over R under the addition

rBy=xy, z,ycRT

and the scalar multiplication
aRz=2% zeR" aeR.

Find a basis and the dimension of this vector space.

Solution 10. We guess that the basis consists of a single element not equal to 1. Let it be 3, so
B = {3}. We want to show that any element € RT can be written as 0 < z = cX3 = 3% ¢ € R,
but then ¢ is simply logs(z). So B = {3}, dim(R*) = 1.

Remark. The map log; : Rt — R is an isomorphism, since it is linear (with respect to addition

anf multiplication as defined above), onto, and one-to-one. So this also proves that RT = R.

Exercise 11. Let n € N. For a =0,1,...,n, define
Poo=(+a)(z+a+1)---(z+a+n-—1)

to be a polynomial in Rlz]<y,.

(a) Show that

i(—”’“(Z) Pox = (—=1)"nl.

k=0
Hint:
(b) Show that {P, . : 0 <a <n} is a basis of R[z]|<,.
Hint:

ey Wh—m b



