
Phys8018 QFT (II) – Fall 2025
Instructors: Chia-Hsien Shen & Chang-Tse Hsieh

Student: 物理三 黃紹凱 B12202004

Problem Set #2 [110 pts] Due December 8, 2025

1. One-loop structure of QED [20 pts]

In [Note-20251014&21] we argued that any photon-photon scattering amplitude from the diagram

in Fig. 2(a) is finite, due to Lorentz covariance and Ward identity. Let’s confirm this argument

with explicit loop calculations. Consider the 1-loop photon four-point amplitude, which is a sum

of six diagrams like Fig. 1(b). For each diagram, there is a logarithmically divergent part. Show

that such divergence will be cancelled when summing over the six diagrams.

Figure 1: Photon four-point amplitudes in QED.

A useful (recursive) formula for the trace of any even number of γ matrices for this calculation:

tr(γµ1γµ2 · · · γµn) =
n∑

k=2

(−1)k gµ1µk tr
(
γµ2 · · ·��γµk · · · γµn

)
. (1)

For example, for n = 6,

tr(γµ1γµ2 · · · γµ6) = gµ1µ2 tr(γµ3γµ4γµ5γµ6)− gµ1µ3 tr(γµ2γµ4γµ5γµ6)

+ gµ1µ4 tr(γµ2γµ3γµ5γµ6)− gµ1µ5 tr(γµ2γµ3γµ4γµ6)

+ gµ1µ6 tr(γµ2γµ3γµ4γµ5). (2)

Solution 1. We need to show that the logarithmically divergent part of the one-loop photon-

photon scattering amplitude vanishes. In momentum space with loop momentum p, the amplitude

for the permutation µ, ν, ρ, σ is

M = −e4
∫

d4p
tr
[
γµ(/p+m)γν(/p+ /kν +m)γρ(/p+ /kν + /kρ +m)γσ(/p− /kµ +m)

]
((p2 + k1)2 −m2)((p+ k2)2 −m2)((p+ k3)2 −m2)((p+ k4)2 −m2)

.

The denominator scales as p8, the measure is d4p ∼ dp p3, so we require the numerator of the

logarithmically divergent part scale as p4. Isolate the leading term, asymptotically it is

I ∼ −e4
∫

d4p

p8
tr
[
γµ/pγ

ν
/pγ

ρ
/pγ

σ
/p
]
.
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Notice that since {γµ, γν} = 2gµν , we have an identity for sandwiched gamma matrices:

/pγ
µ
/p = pαγ

αγµ/p = pα(2g
µα − γµγα)/p = 2pµ/p− γµpαγ

α
/p = 2pµ/p− p2γµ,

where

/p/p = pµpνγ
µγν = pµpν

Å{γµ, γν}
2

+
[γµ, γν ]

2

ã
= pµpνfrac{γµ, γν}2 = p2.

The trace is then decomposed into two parts 1. and 2.:

tr
[
γµ/pγ

ν
/pγ

ρ
/pγ

σ
/p
]
= tr

[
γµ/pγ

ν
(
2pρ/p− p2γρ

)
γσ/p

]
= 2pρ tr

[
γµ/pγ

ν
/pγ

σ
/p
]
− p2 tr

[
γµ/pγ

νγργσ/p
]
.

1. The trace in the first term is

tr
[
γµ/pγ

ν
/pγ

σ
/p
]
= tr

[
γµ

(
2pν/p− p2γν

)
γσ/p

]
= 2pν tr

[
γµ/pγ

σ
/p
]
− p2 tr

[
γµγνγσ/p

]
.

The traces with four matrices can be evaluated using (1):

tr
[
γµ/pγ

σ
/p
]
= pαpβ tr

î
γµγαγσγβ

ó
= pαpβ

Ä
gµα tr

î
γσγβ

ó
− gµσ tr

î
γαγβ

ó
+ gµβ tr [γαγσ]

ä
= pαpβ

Ä
4gµαgσβ − 4gµσgαβ + 4gµβgασ

ä
= 8pµpσ − 4gµσp2.

Similarly, tr
[
γµγνγσ/p

]
= pα tr [γ

µγνγσγα], and

pα tr [γ
µγνγσγα] = pα (g

µν tr [γσγα]− gµσ tr [γνγα] + gµα tr [γνγσ]) = 4(gµνpσ − gµσpν + gνσpµ).

Combining them gives

1. = 16pµpνpσ − 4p2(gµνpσ + gµσpν + gνσpµ).

2. Using the cyclic property tr
[
γµ/pγνγργσ/p

]
= tr

[
/pγµ/pγνγργσ

]
, the trace in the second term is

tr
[
/pγ

µ
/pγ

νγργσ
]
= tr

[(
2pµ/p− p2γµ

)
γνγργσ

]
= 2pµ tr

[
/pγ

νγργσ
]
− p2 tr [γµγνγργσ] .

We have

tr
[
/pγ

νγργσ
]
= pα tr [γ

αγνγργσ]

= pα (g
αν tr [γργσ]− gαρ tr [γνγσ] + gασ tr [γνγρ])

= 4(pνgρσ − pρgνσ + pσgνρ),

tr [γµγνγργσ] = gµν tr [γργσ]− gµρ tr [γνγσ] + gµσ tr [γνγρ]

= 4(gµνgρσ − gµρgνσ + gµσgνρ).

Combining them gives

2. = 8pµ(pνgρσ − pρgνσ + pσgνρ)− 4p2(gµνgρσ − gµρgνσ + gµσgνρ).

By the result of 1. and 2., the trace is given by

tr
[
γµ/pγ

ν
/pγ

ρ
/pγ

σ
/p
]
= 2pρ(1.)− p2(2.)

= 32pµpνpρpσ − 8p2(gµνpρpσ + gµσpρpν + gνσpρpµ)

− 8p2pµ(pνgρσ − pρgνσ + pσgνρ) + 4p4(gµνgρσ − gµρgνσ + gµσgνρ)

= 32pµpνpρpσ − 8p2(gµνpρpσ + gµσpρpν + gρσpµpν + gνρpµpσ)

+ 4p4(gµνgρσ − gµρgνσ + gµσgνρ)

To carry out integration, there are two rules we need to use:
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1. Since the average of pµpν ∝ gµν , contractiing both sides with gµν gives∫
d4p pµpνf(p2) =

gµν

4

∫
d4p p2f(p2),

2. The tensor pµpνpρpσ is totally symmetric in all indices, so its average must be a sum of

products of metric tensors that is also totally symmetric. The only such combination is

(gµνgρσ + gµρgνσ + gµσgνρ). Contracting both sides gives∫
d4p pµpνpρpσf(p2) =

1

24
(gµνgρσ + gµρgνσ + gµσgνρ)

∫
d4p p4f(p2),

where f is some function.

Writing the divergent part as K, the first term in tr
[
γµ/pγν/pγρ/pγσ/p

]
is

32

∫
d4p

pµpνpρpσ

p8
=

32

24
(gµνgρσ + gµρgνσ + gµσgνρ)K,

the second term is

−8

∫
d4p

p2(gµνpρpσ + gµσpρpν + gρσpµpν + gνρpµpσ)

p8
= −8 · 2

4
(gµνgρσ + gµσgνρ)K,

and the third term is

4

∫
d4p

p4(gµνgρσ − gµρgνσ + gµσgνρ)

p8
= 4(gµνgρσ − gµρgνσ + gµσgνρ)K.

Together, the contributions to each tensor structure are: 4
3 − 4+ 4 = 4

3 for gµνgρσ, 4
3 +0− 4 = −8

3

for gµρgνσ, and 4
3 − 4 + 4 = 4

3 for gµσgνρ. In total, for the permutation (µ, ν, ρ, σ) the divergent

part of M is

∝ 4

3
(gµνgρσ − 2gµρgνσ + gµσgνρ)K.

The vertex ρ opposite to µ gets a factor of −2, while neighboring vertices ν and σ get a factor of

1. Summing over all six permutations, each vertex will be opposite to µ twice and neighbor to µ

four times, so the total coefficient is zero, agreeing with the Ward identity.

3



2. Field-strength renormalization in φ4 theory [25 pts]

In [Note-20251007] we learned how to fix the counterterm coefficients δZ , δm, and δλ for the λφ4

theory from the renormalization conditions and loop diagrams. The 1-loop calculations already

give some nontrivial results for the mass and coupling counterterms δm and δλ, while the field

strength counterterm δZ is still trivial (zero) at this level. In this problem, we will identify the

first nonzero contributions to δZ from 2-loop calculations. We thus look at all 2-loop 1PI (one-

particle irreducible) diagrams for the self-energy M2
2-loop(p

2), as shown in Fig. 2.

Figure 2: 2-loop 1PI diagrams for M2
2−loop(p

2).

(a) Argue why only the first diagram, the “sunset diagram”, contributes to δZ .

(b) As we are going to determine δZ , we will compute dM2
sun/dp

2, where M2
sun(p

2) is the self-energy

associated with the sunset diagram. Here are the steps:

(b-i) Write the amplitude −iM2
sun(p

2) from the sunset diagram. Express the momentum integral

using Feynman parametrization, as

−iM2
sun(p

2) = (number)× λ2

∫ 1

0
dx dy dz δ(x+ y + z − 1)

∫
d4q

(2π)4
d4k

(2π)4
1

L3
, (3)

where L depends on loop momenta q and k and Feynman parameters x, y, z.

(b-ii) Shift q and k to some ℓ1 and ℓ2 so that L takes a sum-of-squares form, yielding

−iM2
sun(p

2) = (number)×λ2

∫ 1

0
dx dy dz δ(x+y+z−1)

∫
d4ℓ1
(2π)4

d4ℓ2
(2π)4

1

(αℓ21 + βℓ22 + γp2 −m2 + iϵ)3
.

(4)

(b-iii) Take i(d/dp2) of both sides of (4). Wick-rotate the integral regarding dM2
sun/dp

2 to Eu-

clidean space, with ℓ0E,i = −iℓ0i , i = 1, 2, and then use dimensional regularization to perform the

momentum integral. Assemble your results as

dM2
sun(p

2)

dp2
= (number)× λ2

∫ 1

0
dx dy dz δ(x+ y + z − 1)F (x, y, z)

ï
1

ϵ
+ (finite terms)

ò
, (5)

where F (x, y, z) is some function depending only on Feynman parameters.

(c) Requiring the renormalization condition

dM2
ren(p

2)

dp2

∣∣∣∣
p2=m2

=
dM2

sun(p
2)

dp2

∣∣∣∣
p2=m2

− δZ = 0,

we then have

δZ =
dM2

sun(p
2)

dp2

∣∣∣∣
p2=m2

= (number) · λ2

ï
1

ϵ
+ (finite terms)

ò
. (6)

Find the exact values of the ”number” and the ”finite terms” in (6).
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Solution 2.

(a) Since δZ is fixed by the p2-dependence of self-energy, only the sunset diagram contributes to

δZ . The other diagram is independent of external momentum p, so they do not contribute to δZ .

(b-i) The amplitude from the sunset diagram is

−iM2
sun(p

2) = (−iλ)2
1

6

∫
d4q

(2π)4
d4k

(2π)4
i

q2 −m2 + iϵ

i

k2 −m2 + iϵ

i

(p− q − k)2 −m2 + iϵ
.

Using Feynman parametrization as given in the , we have

−iM2
sun(p

2) = −i(−iλ)2
1

6
(2!)

∫ 1

0
dx dy dz δ(x+ y + z − 1)

∫
d4q

(2π)4
d4k

(2π)4
1

L3

=
iλ2

3

∫ 1

0
dx dy dz δ(x+ y + z − 1)

∫
d4q

(2π)4
d4k

(2π)4
1

L3
,

where

L = x(q2 −m2 + iϵ) + y(k2 −m2 + iϵ) + z((p− q − k)2 −m2 + iϵ).

(b-ii) Shifting q and k to ℓ1 = q − z
x+zp and ℓ2 = k − z

y+zp, we have

L = (x+ z)ℓ21 + (y + z)ℓ22 +

Å
xyz

(x+ z)(y + z)
p2 −m2 + iϵ

ã
.

Comparing with (5), we identify α = x+ z, β = y + z, and γ = xyz
(x+z)(y+z) , and the number in the

front of the integral is 1
3 . Therefore, we have

−iM2
sum(p

2) =
iλ2

3

∫ 1

0
dx dy dz δ(x+ y + z − 1)

∫
d4ℓ1
(2π)4

d4ℓ2
(2π)4

1

(αℓ21 + βℓ22 + γp2 −m2 + iϵ)3
.

(b-iii) Taking i(d/dp2) of both sides of (4) and applying Leibniz’ rule of differentiating, we get

dM2
sum(p

2)

dp2
= −λ2

3

∫ 1

0
dx dy dz δ(x+ y + z − 1)

∫
d4ℓ1
(2π)4

d4ℓ2
(2π)4

∂

∂p2

ï
1

(αℓ21 + βℓ22 + γp2 −m2 + iϵ)3

ò
= γλ2

∫ 1

0
dx dy dz δ(x+ y + z − 1)

∫
d4ℓ1
(2π)4

d4ℓ2
(2π)4

1

(αℓ21 + βℓ22 + γp2 −m2 + iϵ)4
.

Wick-rotate by setting ℓ0E,i = −iℓ0i , i = 1, 2, we have L = αℓ21 + βℓ22 + γp2 −m2 → −α(ℓE,1)
2 −

β(ℓE,2)
2 + γp2 −m2, and hence

dM2
sun(p

2)

dp2
= −γλ2

∫ 1

0
dx dy dz δ(x+y+z−1)

∫
d4ℓE,1

(2π)4
d4ℓE,2

(2π)4
1

(α(ℓE,1)2 + β(ℓE,2)2 − γp2 +m2)4
.

Using dimensional regularization, introduce the parameter µ such that∫
d4ℓ1
(2π)4

→ µ4−d

∫
ddℓ1
(2π)d

,

∫
d4ℓ2
(2π)4

→ µ4−d

∫
ddℓ2
(2π)d

.

Then, retaining the Euclidean signature in our integral, we have

dM2
sum(p

2)

dp2
= −γλ2µ8−2d

∫ 1

0
dx dy dz δ(x+y+z−1)

∫
ddℓE,1

(2π)d
ddℓE,2

(2π)d
1

(α(ℓE,1)2 + β(ℓE,2)2 − γp2 +m2)4
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where∫
ddℓE,1

(2π)d
ddℓE,2

(2π)d
1

(α(ℓE,1)2 + β(ℓE,2)2 − γp2 +m2)4

=
1

6

∫
ddℓE,1

(2π)d
ddℓE,2

(2π)d

∫ ∞

0
dt t3 exp

{
−t

[
α(ℓE,1)

2 + β(ℓE,2)
2 − γp2 +m2

]}
=

1

6

∫ ∞

0
dt t3et(γp

2−m2)

Ç∫
ddℓE,1

(2π)d
e−tα(ℓE,1)

2

åÇ∫
ddℓE,2

(2π)d
e−tβ(ℓE,2)

2

å
=

1

6
(4παt)−d/2(4πβt)−d/2

∫ ∞

0
dt t3e−t(−γp2+m2) =

1

6(4π)d(αβ)d/2
Γ(4− d)(m2 − γp2)d−4.

Here we used 6/A4 =
∫∞
0 dt t3e−At. Note that Γ(4−d) has a pole at d = 4, but no poles for d < 4.

Let d = 4− 2ε for some small ε > 0, we have

Γ(2ε)xε ∼ 1

2ε
− γE +

1

2
log x+O(ε),

where γE is the Euler-Mascheroni constant. Therefore,

1

(4π)d(αβ)d/2
Γ(4− d)(m2 − γp2)d−4 =

1

(4π)4(αβ)2
Γ(2ε)

Å
4πµ2

√
αβ

m2 − γp2

ã2ε
∼ 1

(4π)4(αβ)2

ï
1

2ε
+ log

Å
4πµ2

√
αβ

m2 − γp2

ã
− γE

ò
=

1

12(4π)4(αβ)2

ï
1

ϵ
+ 2 log

µ2

m2
+ 2 log(4π)− 2γE + log

Å
αβ

(1− (p2/m2)γ)2

ãò
.

Plugging into the integral gives

dM2
sun(p

2)

dp2
= − λ2

12(4π)4
γ

(αβ)2

∫ 1

0
dx dy dz δ(x+ y + z − 1)

xyz

(xy + xz + yz)3

×
ß
1

ε
+ 2 log

µ2

m2
+ 2 log(4π)− 2γE + log

Å
αβ

(1− (p2/m2)γ)2

ã™
(c) Set p2 = m2 in the above integral and plug in α(x, y, z), β(x, y, z), γ(x, y, z), we have

dM2
sun(p

2)

dp2
= − λ2

12(4π)4
γ

(αβ)2

∫ 1

0
dx dy dz δ(x+ y + z − 1)

xyz

(xy + xz + yz)3

×
ß
1

ε
+ 2 log

µ2

m2
+ 2 log(4π)− 2γE + log

Å
αβ

(1− (p2/m2)γ)2

ã
log

(xy + yz + zx)3

(xy + yz + zx− xyz)2

™
The integrals are computed to be∫ 1

0
dx dy dz δ(x+ y + z − 1)

xyz

(xy + yz + zx)3
=

1

2
,

∫ 1

0
dx dy dz δ(x+ y + z − 1)

xyz

(xy + yz + zx)3
log

(xy + yz + zx)3

(xy + yz + zx− xyz)2
= −3

4
.

Finally, we have

δZ = − λ2

6144π4

ß
1

ϵ
+ 2 log

µ2

m2
+ 2 log(4π)− 2γE − 3

2

™
.
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3. RG functions in φ4 theory [20 pts]

The Lagrangian of φ4 theory in terms of renormalized field and parameters is

L =
1

2
Zφ(∂φr)

2 − m2

2
ZmZφφ

2
r − µϵ λ

4!
ZλZ

2
φφ

4
r , ϵ = 4− d, (7)

from which we can define the renormalization group (RG) functions:

γ(λ) ≡ 1

2
µ

1

Zφ

dZφ

dµ
, γm(λ) ≡ µ

m2

dm2

dµ
, β(λ) ≡ µ

dλ

dµ
. (8)

(a) The renormalizability of φ4 theory ensures the finiteness of these RG functions, basically

determined from the renormalization constants Zφ, Zm, and Zλ (which are actually functions of

λ and ϵ). Specifically, let’s write the renormalization constants in 1/ϵ expansions,

Zφ(λ, ϵ) = 1+
∞∑
n=1

Zφ,n(λ)
1

ϵn
, Zm(λ, ϵ) = 1+

∞∑
n=1

Zm,n(λ)
1

ϵn
, Zλ(λ, ϵ) = 1+

∞∑
n=1

Zλ,n(λ)
1

ϵn
.

(9)

Find explicit expressions for β(λ), γm(λ), and γ(λ) in terms of ϵ and the expansion coefficients

Zφ,n(λ), Zm,n(λ), and Zλ,n(λ) (as well as their derivatives with respect to λ). Accordingly, there

exist an (infinite) set of relations among the expansion coefficients; find them as well.

(b) The renormalization constants up to two loops are

Zφ = 1 +
1

ϵ
(number) · λ2,

Zm = 1 +
1

ϵ

ï
λ

(4π)2
− 5λ2

2 · (4π)4

ò
+

1

ϵ2
λ2

2 · (4π)4
,

Zλ = 1 +
1

ϵ

ï
3λ

(4π)2
− 17λ2

6 · (4π)4

ò
+

1

ϵ2
9λ2

(4π)4
. (10)

Here the ”number” in Zφ is the one you computed in Problem 2(c) (Zφ = 1 + δZ). Find β(λ),

γm(λ), and γ(λ) with these Z’s using the result from part (a). What is the location of the

Wilson–Fisher fixed point up to this order? Is the critical exponent ν = 1/(2− γm) at ϵ = 1 closer

to the real value ν ∼ 0.63 than the one-loop result ν = 0.5?

Solution 3.

(a) From the given Lagrangian, the bare parameters are related to the renormalized ones by

ϕ0 =
√

Zϕϕ, m
2
0 = Zmm2, and λ0 = Zλ(λ, ϵ)µ

ϵλ. Since Zλ(λ, ϵ) depends on µ only through λ, we

have

µ
d

dµ
= µ

∂

∂µ
+ β(λ)

∂

∂λ
= β(λ)

∂

∂λ
.

1. From λ0 = µϵλZλ, we have

0 = µ
dλ0

dµ
= ϵµϵλZλ + µϵβ(λ)Zλ + µϵλβ(λ)

∂Zλ

∂λ
,

hence

0 = ϵλ+ β(λ) + β(λ)λ
1

Zλ

∂Zλ

∂λ
=⇒ β(λ)

Å
1 + λ

∂ lnZλ

∂λ

ã
= −ϵλ.
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Plug in Zλ = 1 +
Zλ,1

ϵ + · · · to get

∂ lnZλ

∂λ

∂

∂λ

Å
Zλ,1

ϵ
+ · · ·

ã
=

1

ϵ

∂Zλ,1

∂λ
+ · · · .

Since β(λ) is finite as ϵ → 0, we write β(λ) = −ϵλ+ β(0)(λ). Substitue back to getÄ
−ϵλ+ β(0)(λ)

äÅ
1 +

λ

ϵ

dZλ,1

dλ

ã
= −ϵλ =⇒ β(0)(λ) = λ2dZλ,1

dλ
,

since the ϵ terms cancel out. Therefore, we have

β(λ) = −ϵλ+ λ2dZλ,1

dλ
,

dβ

dλ
= −ϵ+

d

dλ

Å
λ2dZλ,1

dλ

ã
.

2. From γ(λ) = 1
2µ

d lnZϕ

dµ = 1
2β(λ)

∂ lnZϕ

∂λ . Plug in β(λ) from before and Zϕ = 1
ϵ
dZϕ,1

dλ + · · · to

get

γ(λ) =
1

2

Å
−ϵλ+ λ2dZλ,1

dλ

ãÅ
1

ϵ

dZϕ,1

dλ
+ · · ·

ã
.

The constant term as ϵ → 0 then gives

γ(λ) = −1

2
λ
dZϕ,1

dλ
,

dγ

dλ
= −1

2

d

dλ

Å
λ
dZϕ,1

dλ

ã
.

3. From m2
0 = Zmm2, we have

0 = µ
dm2

0

dµ
= µ

dZm

dµ
m2 + Zmµ

dm2

dµ
= β(λ)

∂Zm

∂λ
m2 + Zmm2γm(λ).

Hence, we have

γm(λ) = −β(λ)

Zm

∂Zm

∂λ
= −β(λ)

∂ lnZm

∂λ
,

and plugging in β(λ) and Zm = 1 +
Zm,1

ϵ + · · · , we get

γm(λ) = −
Å
−ϵλ+ λ2dZλ,1

dλ

ãÅ
1

ϵ

dZm,1

dλ
+ · · ·

ã
.

The constant term as ϵ → 0 gives

γm(λ) = λ
dZm,1

dλ
,

dγm
dλ

=
d

dλ

Å
λ
dZm,1

dλ

ã
.

Since the RG functions are finite as ϵ → 0, the coefficients of 1/ϵn for n ≥ 1 must vanish in the

above expressions. Define Gi(λ, ϵ) = lnZi(λ, ϵ), where i may stand for ϕ,m, λ, and the coefficients

are

Gi(λ, ϵ) =
∞∑
n=1

Gi,n(λ)
1

ϵn
.

From previous calculation, all the RG functions can be written asÅ
β(λ)

∂

∂λ
+ C

ã
lnZi =

Å
β(λ)

∂

∂λ
+ C

ã
Gi < ∞,
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where C = ϵ or 0. Requiring the coefficients of 1/ϵn for n ≥ 1 to vanish, we have the relations

dGi,n+1

dλ
= λ

dZλ,1

dλ

dGi,n

dλ
=⇒ dZi,n+1

dλ
= λ

dZλ,1

dλ

dZi,n

dλ
+ Zi,n(λ)

dZi,1

dλ
.

(b) From Problem 2, the second-order diagram contributes to Zϕ as

Zϕ = 1− 1

ϵ

λ2

12(4π)4
= 1 + (number)

λ2

ϵ
.

From (a), calculate
dZλ,1

dλ
=

d

dλ

ï
3λ

(4π)2
− 17λ2

6(4π)4

ò
=

3

(4π)2
− 17λ

3(4π)4
,

=⇒ β(λ) = −ϵλ+ λ2

ï
3

(4π)2
− 17λ

3(4π)4

ò
= −ϵλ+

3λ2

(4π)2
− 17λ3

3(4π)4
.

Next, for γm(λ):
dZm,1

dλ
=

d

dλ

ï
λ

(4π)2
− 5λ2

2(4π)4

ò
=

1

(4π)2
− 5λ

(4π)4
,

=⇒ γm(λ) = λ

ï
1

(4π)2
− 5λ

(4π)4

ò
=

λ

(4π)2
− 5λ2

(4π)4
.

Finally, for γ(λ):
dZϕ,1

dλ
=

d

dλ

Å
− λ2

12(4π)4

ã
= − λ

6(4π)4
,

=⇒ γ(λ) = −1

2
λ

Å
− λ

6(4π)4

ã
=

λ2

12(4π)4
.

The Wilson-Fisher fixed point is located at β(λ∗) = 0, i.e.

−ϵλ∗ +
3(λ∗)2

(4π)2
− 17(λ∗)3

3(4π)4
= 0 =⇒ −ϵ+ 3u∗ −

17u2∗
3

= 0,

where u∗ =
λ∗

(4π)2
. Solving perturbatively in ϵ, let u∗ = u

(1)
∗ ϵ+ u

(2)
∗ ϵ2 + · · · , we have

u∗ ≈
ϵ

3
+

17

81
ϵ2 =⇒ λ∗ ≈ (4π)2

3
ϵ+

17(4π)2

81
ϵ2.

The critical exponent ν = 1
2−γm(λ∗) . Plug in λ∗ to get

γm(λ∗) =
λ∗

(4π)2
− 5(λ∗)2

(4π)4
= u∗ − 5u2∗ ≈

ϵ

3
+

17

81
ϵ2 − 5

Å
ϵ2

9

ã
=

ϵ

3
− 28

81
ϵ2.

Therefore, we have, at ϵ = 1,

ν =
1

2− γm(λ∗)
≈ 1

2− ϵ
3 + 28

81ϵ
2

∣∣∣∣∣
ϵ=1

=
1

2− 1
3 + 28

81

≈ 0.497

Therefore, the two-loop result is slightly worse than the one-loop result ν = 0.5 when compared

to the real value ν ∼ 0.63.
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4. Real-space RG [25 pts]

In [Note-20251104] we demonstrated the real-space renormalization group (RG) calculation by

considering the classical Ising models. Here, we consider a generalized version of the Ising model

on a one-dimensional spatial lattice, with the energy of spins:

E[σ, τ ] = −J2
∑
j

(σjσj+1 + τjτj+1)− J4
∑
j

σjσj+1τjτj+1. (11)

In this model, there are two spin degrees of freedom, σ and τ , each taking values ±1. J2 > 0 and

J4 > 0 are coupling constants for two-spin and four-spin interactions, respectively. The partition

function of the system is

Z =
∑
{σ,τ}

e−E[σ,τ ]/T =
∑
{σ,τ}

e−S[σ,τ ], (12)

where the action S[σ, τ ] has the same form as E[σ, τ ] except that the couplings in S[σ, τ ] are

K2 := J2/T, K4 := J4/T.

(a) Derive an exact RG transformation for the couplings K2 and K4. This can be done in the

following steps:

(a-i) Integrate out the degrees of freedom σ2j+1 and τ2j+1 on the odd sites.

(a-ii) Rescale the system by defining

σ′
j := σ2j , τ ′j := τ2j .

(a-iii) Obtain the effective action of the new spin variables σ′
j and τ ′j with the coarse-grained

couplings K ′
2 and K ′

4.

(a-iv) The relations between {K ′
2,K

′
4} and {K2,K4} give the RG transformation and thus the beta

functions.

Identify all the fixed points associated with this RG transformation. Draw the RG

flows explicitly in the K2–K4 plane and discuss the stability of each fixed point. Use

the flows to derive the phase diagram for this model, and briefly explain the physical

meaning of each phase (better in terms of the spin order parameters).

(b) Extend the discussions in part (a) (statements in bold) to the same model on a two-

dimensional square lattice:

E[σ, τ ] = −J2
∑
⟨r,r′⟩

(σrσr′ + τrτr′)− J4
∑
⟨r,r′⟩

σrσr′τrτr′ . (13)

Here, the sites are labeled by two-component lattice vectors r, and ⟨r, r′⟩ denotes nearest-neighboring
sites. In the 2d case, you may apply an approximation method, such as the Migdal–Kadanoff

approximation (bond-moving procedure), to derive an RG transformation for K2 and K4, similar

to the derivation for the 2d Ising model in [Note-20251104].
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Solution 4. (a-i) Consider a block of three sites (2j, 2j+1, 2j+2), where we write the boundary

spins as σL, τL for 2j and σR, τR for 2j + 2. The contribution to the partition function from this

block is

Z =
∑

σ,τ=±1

exp {K2σ (σL + σR) +K2τ (τL + τR) +K4στ (σLτL + σRτR)} .

By symmetry considerations, there are only three cases for the boundary spins corresponding to

distinct Z values.

1. σLσR = τLτR = 1: Z1 = e4K2+2K4 +e−2K4 +e−2K4 +e−4K2+2K2 = 2e2K4 cosh(4K2)+2e−2K4 .

2. σLσR ̸= τLτR, σLσRτLτR = −1: Z2 = 2
(
e2K2 + e−2K2

)
= 4 cosh(2K2).

3. σLσR = τLτR = −1: Z3 = e2K4 + e−2K4 + e−2K4 + e2K4 = 4 cosh(2K4).

(a-ii) Define a coarse-grained system with spins σ′
j = σ2j , τ

′
j = τ2j .

(a-iii) Let exp (−S′
eff) = exp [K ′

0 +K ′
2 (σLσR + τLτR) +K ′

4σLσRτLτR] be the renormalized action,

where apart from the renormalized K ′
2, K

′
4, we have also added a constant term K ′

0.

(a-iv) We will map the configurations to the new couplings as discussed in (a-i):

exp
(
−S′

eff

)
=


eK

′
0+2K′

2+K′
4 = Z1, σLσR = τLτR = 1,

eK
′
0−K′

4 = Z2, σLσR ̸= τLτR, σLσRτLτR = −1

eK
′
0−2K′

2+K′
4 = Z3, σLσR = τLτR = −1.

Solving these equations, we have

K ′
0 =

1

4
ln
(
Z1Z

2
2Z3

)
, K ′

2 =
1

4
ln

Å
Z1

Z3

ã
, K ′

4 =
1

4
ln

Å
Z1Z3

Z2
2

ã
.

Plugging in Zi, we have the exact RG transformation

K ′
2 =

1

4
ln

Ç
e2K4 cosh(4K2) + e−2K4

2 cosh(2K4)

å
, K ′

4 =
1

4
ln

Ç(
e2K4 cosh(4K2) + e−2K4

)
cosh(2K4)

2 cosh2(2K2)

å
.

The fixed points are given by solving K ′
2 = K2, K

′
4 = K4. There are two trivial fixed points and

no non-trivial fixed points:

1. (K2,K4) = (0, 0): Here Z1 = Z2 = Z3 = 4, so K ′
2 = K ′

4 = 0. Stable fixed point.

2. (K2,K4) = (∞,∞): Unstable fixed point.

The beta functions are

β2 =
K ′

2 −K2

ln 2
=

1

4 ln 2
ln

Ç
e2K4 cosh(4K2) + e−2K4

2 cosh(2K4)

å
− K2

ln 2
,

β4 =
K ′

4 −K4

ln 2
=

1

4 ln 2
ln

Ç(
e2K4 cosh(4K2) + e−2K4

)
cosh(2K4)

2 cosh2(2K2)

å
− K4

ln 2
.

The RG flows and nullclines of the beta functions are plotted in the K2-K4 plane in Figure 3. For

initial K2,K4 > 0, we have K ′
2 < K2 and K ′

4 < K4, and hence (0, 0) is stable while (∞,∞) is

unstable. The phase diagram consists of a single disordered paramagnetic phase, and no finite-

temperature phase transition occurs.
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Figure 3: RG flows and nullclines for beta functions β2 and β4 in the K2-K4 plane (1D model).

Figure 4: RG flows and nullclines for beta functions β2 and β4 in the K2-K4 plane (2D model).
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(b) The 2D case is not exactly solvable, and in this case we can apply the Migdal-Kadanoff

approximation by replacing K with 2K in the 1D model, following [Note-20251104]. Therefore,

the RG transformation becomes

K ′
2 =

1

4
ln

Ç
e4K4 cosh(8K2) + e−4K4

2 cosh(4K4)

å
, K ′

4 =
1

4
ln

Ç(
e4K4 cosh(8K2) + e−4K4

)
cosh(4K4)

2 cosh2(4K2)

å
.

We still have the trivial fixed points (K2,K4) = (0, 0) and (∞,∞). However, there are now a

non-trivial fixed points.

• Trivial fixed points: (0, 0) is a paramagnetic sink, (∞,∞) is a ferromagnetic sink.

• Ising critical points: Let K4 = 0, the system decouples into two Ising models. We have

K ′
2 =

1

4
ln

1

2
(cosh(8K2) + 1) =

1

4
ln
(
cosh2(4K2)

)
=

1

2
ln cosh(4K2).

Then K∗
2 = 1

2 ln cosh(4K
∗
2 ), and WolframAlpha returns K∗

2 ≈ 0.305. Setting K2 = 0 returns

a symmetric solution, so the fixed points are (0,Kc) ≈ (0, 0.305) and (0,Kc) ≈ (0, 0.305).

• Potts-like critical point: Let K2 = K4 = Kd, we have K ′
2 = K ′

4. Solving for

K ′
d =

1

4
ln

Ç
e4Kd cosh(8Kd) + e−4Kd

2 cosh(4Kd)

å
= Kd,

WolframAlpha returns Kd ≈ 0.189. So the fixed point is (Kd,Kd) ≈ (0.189, 0.189).

The beta functions are

β2 =
K ′

2 −K2

ln 2
=

1

4 ln 2
ln

Ç
e4K4 cosh(8K2) + e−4K4

2 cosh(4K4)

å
− K2

ln 2
,

β4 =
K ′

4 −K4

ln 2
=

1

4 ln 2
ln

Ç(
e4K4 cosh(8K2) + e−4K4

)
cosh(4K4)

2 cosh2(4K2)

å
− K4

ln 2
.

The RG flows and nullclines of the beta functions are plotted in the K2-K4 plane in Figure 4. The

phase diagram for K2,K4 > 0 consists of three phases separated by critical lines that meet at the

Potts-like critical point (Kd,Kd), as shown in Figure 5.

Phase diagram analysis :

• Paramagnetic phase (I): This is a disordered phase (thermal disorder), and all points flow

into (0, 0).

• Baxter phase (II): Strong K2, and all points flow towards (0,∞).

• Ferromagnetic phase (III): Strong K4 corresponds to an Ising-like phase, and all points flow

towards (∞, 0).

Spin-order parameter:

1. Ferromagnetic phase (K2 > Kc,K2 > K4): two coupled Ising models ⇒ ⟨σ⟩ ≠ 0 and ⟨τ⟩ ≠ 0.

2. Baxter phase (K4 > Kc,K4 > K2): minimize energy by fixing στ ⇒ ⟨σ⟩ = 0 and ⟨τ⟩ = 0

but ⟨στ⟩ ≠ 0.
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3. Antiferromagnetic phase (K2,K4 < 0): For K2 < 0, the points flow into (−∞, 0), corre-

sponding to the Néel phase. For K4 < 0, the points flow into (0,−∞), and στ alternates

between sites.

Figure 5: Phase diagram for the 2D model in the K2-K4 plane. The relevant regions I, II,

III correspond to the paramagnetic, Baxter, and ferromagnetic phases, respectively, as discussed

above.
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5. Scalar QCD [20 pts]

For a complex scalar ϕI in a complex representation of a non-Abelian gauge group, we define the

covariant derivative as

(Dµϕ)I = ∂µϕI − igAa
µ(T

a) J
I ϕJ , (14)

where I, J are the group indices. We use the upper and lower convention for complex representation

introduced in the class.

(a) Use the fact that ϕ†I lives in the conjugate representation, construct a “minimally-coupled” La-

grangian of ϕ that is renormalizable, invariant under the gauge group, and only contains quadratic

terms in the scalar field.

(b) The relevant Feynman vertices of the action are iV (ϕJ , ϕ
†I , Aa

µ) and iV (ϕJ , ϕ
†I , Aa

µ, A
b
ν). Derive

the Feynman rules for both of them.

(c) Calculate the on-shell amplitude A(ϕJ , ϕ
†I , Aa

µ). Express your result in terms of the momenta

piµ and polarization of the gauge boson, εµ.

(d) Verify that the amplitude A(ϕJ , ϕ
†I , Aa) satisfies the Ward identity, i.e. the longitudinal mode

of the gauge field decouples.

The Ward identity of three-particle amplitude is simply to see. If you have time, try to calculate

the four-particle amplitude A(ϕJ , ϕ
†I , Aa

µ, A
b
ν) and verify the Ward identity.

Solution 5.

(a) The conjugate field ϕ†I lives in the conjugate representation, so it has covariant derivative

(Dµϕ)
†I = ∂µϕ

†I + igAa
µϕ

†J(T a) I
J .

The minimally-coupled, renormalizable Lagrangian that is invariant under the gauge group and

only contains quadratic terms in ϕ is

L = (Dµϕ)
†I(Dµϕ)I −m2ϕ†IϕI .

(b) Expand the covariant derivatives, we have

L = ∂µϕ
†I∂µϕI + igAa

µϕ
†I(T a) J

I ∂µϕJ − igAa
µ∂

µϕ†I(T a) J
I ϕJ

+ g2Aa
µA

bµϕ†K(T a) I
K (T b) J

I ϕJ −m2ϕ†IϕI .

Identify the cubic and quartic interaction terms as

L(3) = igAa
µϕ

†I(T a) J
I ∂µϕJ − igAa

µ∂
µϕ†I(T a) J

I ϕJ ,

and

L(4) = g2Aa
µA

bµϕ†K(T a) I
K (T b) J

I ϕJ .

For the cubic vertex iV (ϕJ , ϕ
†I , Aa

µ), suppose ϕJ carries momentum p and ϕ†I carries momentum

p′. The derivative ∂µ acting on incoming ϕJ gives a factor of −ipµ, while ∂µ acting on ϕI† gives a

factor of ip′µ. The Feynman rule for this vertex is read from L(3) as

iV (ϕJ , ϕ
†I , Aa

µ) = i · ig · (T a) I
J (−ip− ip′)µ = ig(T a) I

J (p+ p′)µ.
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Similarly, for the quartic vertex iV (ϕJ , ϕ
†I , Aa

µ, A
b
ν), notice that the two gluon are identical, so we

sum over the permutations. The Feynman rule for this vertex is read from L(4) as

iVµν(ϕJ , ϕ
†I , Aa

µ, A
b
ν) = ig2{T a, T b} I

J gµν ,

where {T a, T b} I
J = (T a) K

J (T b) I
K + (T b) K

J (T a) I
K is the anticommutator.

Remark. In the special case of an abelian theory, take T a → Q, and we recover iVµν = 2ig2Q2gµν .

(c) Consider the amplitude with all vertices ϕJ(p1), ϕ
†I(p2), and Aa

µ(p3, εµ) outgoing, where εµ is

the polarization vector of the gauge boson. Momemtum conservation gives p1 + p2 + p3 = 0, while

on-shell condition gives p21 = p22 = m2, p23 = 0. The tree-level diagram is a cubic vertex, so the

vertex rule in (b) gives

A(ϕJ , ϕ
†I , Aa

µ) = εµ · iV (ϕJ , ϕ
†I , Aa

µ) = ig(T a) I
J (p1 − p2)µε

µ(p3).

(d) To check the Ward identity, take a longitudinal polarization εµ(p3) = p3µ. Then, we have

A(ϕJ , ϕ
†I , Aa) = ig(T a) I

J (p1 − p2)µ p
µ
3 = ig(T a) I

J (p1 − p2) · (−p1 − p2)

= −ig(T a) I
J (p21 − p22) ∝ (m2 −m2) = 0,

where we used p1 · p2 = p2 · p1 and the on-shell condition. Hence, we verify the Ward identity:

A (ϕJ , ϕ
†I , Aa)

∣∣∣
εµ=p3µ

= 0
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