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  What is Percolation and Why?

● Introduced by Broadbent & 
Hammersley (1957) to model fluid flow 
through porous media

● One of the simplest systems exhibiting 
continuous phase transition

● Percolating systems constitute 
universality classes, which can be 
studied with RG

Rmk. Percolation theory = 滲流理論 Fig. Site vs. bond percolation. Percolation is the emergence 
of an infinite connected component (a cluster) containing 0
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Romer, Rudolf A. (2001). Percolation, Renormalization and the Quantum-Hall Transition



  A Simple Example

● Infinitely many Bernoulli iid’s with 
probability � on a 2d square lattice grid ℤ2

● When does an infinite cluster appear*?

Fig. Bond percolation on square grids: 
probability � of being connected and 
1 − � of being not connected
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 iid: independent and identically distributed random variables
 *: The event occurs with positive probability



Nils Berglund @YouTube
4



Table. Percolation for � > �c (percolation threshold).

  Percolating Systems Exhibit Phase Transition (1/2)

Eg. (isotropic Bernoulli percolation)

Duminil-Copin, Hugo (2018); Beffara and Sidoravicius (2008) 

Thm. Bond percolation on a �-dim 
lattice ℤ�≥2 has a percolation 
threshold 0 < �c

bond < 1.

Thm. (Harris-Kesten, 2D square bond)

• 1960 (Harris): �c ≥ 1/2
• 1980 (Kesten): �c ≤ 1/2

Fact. The observable �(�) is zero for 
� < �c, bounded increasing for � > �c, 
and continuous at �c (� ≤ 2, � ≥ 19).
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  Percolating Systems Exhibit Phase Transition (2/2)

Exercise. (Duminil-Copin, Ex. 6)

Duminil-Copin, Hugo (2018). Introduction to Beroulli percolation

Bond percolation on a graph �(�, �) is equivalent to site percolation on its line graph �(�). However, 
given a graph �(�, �), there does not necessarily exists a graph � such that �(�) = �(�, �).
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Cor. �c
bond ≤ �c

site ≤ 1 − (1 − �c
bond)�. Site percolation is more general than bond percolation



  Directed Percolation (DP) and Its Dynamics 

Fig. Forest fire spread from burning trees (red) to 
healthy trees (green), leaving burnt dead trunk (black). 

This is a simple epidemic process (SEP)
(1+1)D square lattice (2+1)D BCC lattice 

Epidemic model on a lattice will help us 
build a field theory formulation.

�c
site = 0.7055. . .

�c
bond = 0.6447. . .

�c
site = 0.3446. . .

�c
bond = 0.2873. . .

7Beffara and Sidoravicius (2008) 

Eg. (directed percolation models)



  Universality Classes of Phase Transition

Fact. DP defines a universality class DP

Def. (universality class)
A universality class is an equivalence class of 
models [�], with relation � ~ � if �, � have 
the same critical exponents.
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List of known universality classes: https://en.wikipedia.org/wiki/Universality_class

Obs. (universality)
Order params. of classes of systems exhibiting 
universality are less sensitive to details of the 
system near critical value. Power-law scaling:

Eg. (universality properties)
(1) SEP ∈ DP
(2) liquid-gas transition ∈ 3D Ising model

Eg. (exponents for 2D percolation)

https://en.wikipedia.org/wiki/Universality_class


Construct a field theory for percolation from reaction-diffusion (RD) systems

  Path Integral Formulation From Reaction-Diffusion System

Eg. (RD model with an active-to-absorbing-state phase transition)
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bosonic Fock space

(classical) master equ.
birth and 
propagation

Agent � hops to nearest neighbors on a lattice ℤ2 

Hamiltonian: 

agents may die



Construct a field theory for percolation from birth-death SEPs

  Dynamic Response Functional and Path Integral

The statistical properties of the stochastic process are fully encoded in the 
simultaneous probability density of the history 
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Dynamic response functional: this acts as the effective action Rmk. The relevant 
cumulants K here 
are the mean and 
the variance



  Renormalizatiom Group Equations

Fig. These combination of bonds lead to a 
horizontal super-bond after renormalization

Eg. (general method of RG)
Replace a collection of sites by super-sites and 
study percolation of the new super-lattice
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critical point RG flow fixed points

Wilsonian 
renormalization

Rmk. The critical dimensions for DP is �c
DP = 4 

Romer, Rudolf A. (2001). Percolation, Renormalization and the Quantum-Hall Transition



  Renormalized FT for Directed Percolation (DP) (1/2)
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propagator

(1) One-loop diagrams

⟹

(3) Two-loop vertex diagrams with #(time-ordering)(2) Two-loop self-energy

Identify the loop diagrams up to time-ordering:

Janssen, Hans-Karl (2000). Directed Percolation with Colors and Flavors 



  Renormalized FT for Directed Percolation (DP) (2/2)
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RG functions and IR-stable fixed point

DP has 3 independent 
critical exponents:

⟹

Rmk. One of the simplest model of a system with a continuous phase transition. 

correlation-length exponent �

dynamic exponent �

anamolous dimension �



Percolation processes exhibit phase transitions

Near-critical behaviors are described by field theories with few parameters

Path integral with the dynamic response functional as the appropriate 
effective action. This formalism gives a systematic way to:

• Classify universality classes 
• Compute critical exponents and RG functions

  Conclusion
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  Scaling Form and Critical Exponents
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Define the RG functions:

Callan–Symanzik equ. describes the 
evolution of the n-point corr. function

Fact. Percolation processes near the critical point are asymptotically described by 
universal scaling functions with 3 scaling exponents and 4 non-universal amplitudes



  Renormalized FT for Directed Percolation (DP) (2/4)
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propagator

One-loop diagrams for DP

⟹



  Renormalized FT for Directed Percolation (DP) (SI)
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Two-loop vertex diagrams with #(time-ordering)

Eg. Calculation details (i):

External frequencies and momenta can be set to zero

⟹

repeat for (a) ~ (k) !

2. Two-loop vertex diagrams for DP

Janssen, Hans-Karl (2000). Directed Percolation with Colors and Flavors 



One of the simplest model of a nonequilibrium system with a continuous phase transition. 
Rmk. DP is the non-equilibrium analog of �4 theory for Ising universality.

  Renormalized FT for Directed Percolation (DP) (1/3)
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Field theory construction: find cumulants K for the dynamics response functions



  All Diagrams

23



  Renormalized FT for Directed Percolation (DP) (4/4)
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RG functions and IR-stable fixed point are determined 

DP critical exponents:

⟹


