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A simple model of a gravitational
lens from geometric optics
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What is Gravitational Lensing?
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ESA/Hubble & NASA derivative work: Bulwersator
(left) Hubble sees a smiling lens / (right) NASA
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1700s : J1E E HIZ B & R (Sir I. Newton YEHIF:R, H. Cavendish)

(Corpuscular Theory of Light) Light is made up of discrete particles
(corpuscles) which travel in a straight line with a finite velocity and
momentum.

1804: st HE L E E HE P RIR T (J. G. von Soldner)
1912 : E X EriBI% (A. Einstein)
1919 : B E £ B9{F T (Sir A. Eddington & Sir F. W. Dyson)

The 1919 eclipse results that verified general relativity and their later detractors: a story re-told 4
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1937: 2 RE ] LB IR E 11158 (Fritz Zwicky)
1979 : £ R 2 & 115 #5754 F& (Dennis Walsh et al.)
1979~ ENEER AN EEMEHNEEEN

The Twin Quasar, QSO
0957+561 A/B

ESA/Hubble Picture of the Week. 5



How do (did) we know GR is right?
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Sir Frank W. Dyson  Sir Arthur Eddington

3 BRI RTAE R [ A S R L T % R !

(left) Bain News Service. (right) George Grantham Bain Collection. 6
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o R FERR (K. Schwarzschild, 1915) :
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v — - .
0 0 —r2 0
\ 0 0 0 —r2sin20 )
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o FEAFELUNZEHHRRA
* 1.5 RRAFEESNAFRE

Karl Schwarzschild
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o NI rEA m2 R —EFER

Am. J. Phys. 92, 878—-884 (2024). A simple model of a gravitational lens from geometric optics. 8
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o RITAEEE (flight invariant) JRE FLHI G E
~1/2 .
. HENERATE mr)(1+u@r)?) =B <= L=m?
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APFEAKX - FBRFANE
AEFEN/D - BARRAFHER
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RS BEE (4/4)

o IRTEME:

,/C2_BZ
r-=+/C%—B% ¢sch TO for: B< €

r=vVB2 —C2csc B-TO for B>C

rn(1 )(1 + u(r )2)_1/2 =B

the light path for C=1 and B from 0 to 2
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E#EE R : Toy model vs. analytic solution

Light Ray Deflection by Schwarzschild Black Hole

. BBRRNSEEERRS ODE Al
dr\* ot 2 ol
(E) — b_2 —r“+2Mr
. MEA BB - BEES - - / @
r d —2.51
B(r) = P
ro v/ (p1/b?) — p? +2Mp
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FE2-BEMERLL R FRRANEE (1/3)

o JLEA_HEAHIEH (Optico-mechanical analogy) ] LAHEE H 48 B B9 S &1 Bk

(BFRE) (/MERERE)
Q Q
5/ d’r n(r) =0 < 5/ d’r \/2m (E—-V(r))=0
P P

nr) = y/2m(E- V()
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- HEMEELL  SERFRRAVIETE (2/3)

88 =4 / dt L(x(t), #(t),t) = 0. (=/MERA=EIRIE)

t2
S = 5/ dt 2T (r(t),x(t),t)
. z,tz
_6/ dt (v -p)
Jiy
Q
= / &r p(r(t), #(2), )

' i

=9 /Q &*r/2m (E — V(x(t), (1), 1)).
Jp
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FEE-HEME L LR FERAIEE (3/3)

Claim: BHFSEE n AE AR, HOBEEIS v b £ E8 m i
B RREZIEAEE
_ o)’
V(r)=FE — v
,~nHHj<*EHEIJﬁ4=

3 2_32
r=vVC? - B? csch( CB 0) for B<C

r=vVhB2 — C%sc( B_B— G 0) for B>'C
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ESA/Hubble & NASA derivative work: Bulwersator
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o REA:AEMIEZENEYNE

o BREMAIRAFE: ¢y = \/4GM D—9 (A. Einstein, 1912)
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ESA/Hubble & NASA derivative work: Bulwersator



. EHLBERMREEAE N\
o £ IR BE R IE AE R 'fifh_

o BRITRBOE A RIRAR

Fig. 3. Two ray bundles showing a formation of the Einstein rings by a grav-
itational lens at the origin. Two point sources (stars) are on the x axis on the
side opposite the observer. The constant C = 1. The bend angles are 7/8 and
n/5.
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(rp,0p) = (\ [ X5+ y3, arctan(xp, yp) + 271/()

- IMRERZRREEMNYERR

(c)
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http://www.nasa.gov/content/hubble-sees-a-smiling-lens/



http://www.nasa.gov/content/hubble-sees-a-smiling-lens/
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Geometric optics

impact parameter(c)

Light Ray Deflection by geometric lens

a
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Schwarzschild lens

Light Ray Deflection by Schwarzschild Black Hole

This is our code!
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https://docs.google.com/file/d/1C26aN4kZk7ENMN_zFQkBotYU1bcm6lim/preview
https://docs.google.com/file/d/102ME6N0APdePS8iXXx2OTUjVw7PkdNCi/preview

NASA, ESA, and STScl



r=VB2-C? csc(—"‘BZB‘C2 9), c=1

B=1.06683

B=-1.04722
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o SEERRERVEHBEMTEZERR?
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o BBEE FRERS-NELLLHE RN
o FEEIRER = BB DR IUNIE
o FRAINCERWM . REMAR LIXERFRXXBRAZA
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ESA/Hubble & NASA derivative work: Bulwersator

NASA: Hubble sees a smiling lens

(Einstein Cross) NASA, ESA, and STScl

Bill Keel's WWW Gallery-Active Galaxies and Quasars

ESA/Hubble Picture of the Week.

(Picture of Sir Dyson) Bain News Service.

(Picture of Sir Eddington) George Grantham Bain Collection.
Wikipedia - Twin Quasar https://en.wikipedia.org/wiki/Twin_Quasar

(simulation code)

https://colab.research.google.com/drive/1tadNsRO9vGKYFziEemNTBonMy
KSAx2kW?usp=sharing
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https://en.wikipedia.org/wiki/Twin_Quasar
https://colab.research.google.com/drive/1tadNsR09vGKYFzjEemNTBonMyKSAx2kW?usp=sharing
https://colab.research.google.com/drive/1tadNsR09vGKYFzjEemNTBonMyKSAx2kW?usp=sharing

BEHmaE | EiREH | THEVBE BEREN BEHES
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Thank You !

Any Questions?



\theta_\text{E} = \sqrt{\frac{4GM}{c 2]\frac{D\delta{D-\delta}}

\alpha = \sqrt{\frac{4GMHc"2b}}

\alpha = \sgrt{\frac{GM}{c"2b}}

\delta \int*Q_P \mathrm{d}*3r\, n(\mathbf{r}) = 0 \quad \Longleftrightarrow \quad
\delta\int*Q_P\mathrm{d}*3r\ \sqrt{2m\left(E-V(\mathbf{r})\right)}= 0

n(\mathbf{r}) =0
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\left(\frac{\mathrm{d}r}{\mathrm{d}\phi}\right)*2 = \frac{r*4H{b"2} - r*2 + 2Mr

\phi(r) =\intAr_{r_0} \frac{\mathrm{d}\rho}{\sqart{(\rho”4 / bA2) - \rho”2 + 2M\rho}}
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